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I. Memouwr on the Integration of Partial Differential Equations of the Second Order in
Three Independent Variables when an Intermediary Integral does not exist in general.

By A. R. Forsyra, F.R.S., Sadlerian Professor wn the University of Cambridge.

Received November 23,—Read December 16, 1897.

Trar general feature of moest methods for the integration of partial differential
equations in two independent variables is, in some form or other, the construction
of a set of subsidiary equations in only a single independent variable; and this
applies to all orders. In particular, for the first order in any number of variables
(not merely in two), the subsidiary system is a set of ordinary equations in a single
independent variable, containing as many equations as dependent variables to be
determined by that subsidiary system. For equations of the second order which
possess an intermediary integral, the best methods (that is, the most effective as giving
tests of existence) are those of Boorr, modified and developed by ImscuarNeTsky, and
that of Goursar, initially based upon the theory of characteristics, but subsequently
brought into the form of Jacobian systems of simultaneous partial equations of the
first order. These methods are exceptions to the foregoing general statement. But
for equations of the second order or of higher orders, which involve two independent
variables and in no case possess an intermediary integral, the most general methods
are that of AMpilirE and that of DArBoUX, with such modifications and reconstruction as
have been introduced by other writers; and though in these developments partial dif-
ferential equations of the first order are introduced, still initially tlie subsidiary system
is in effect a system with one independent variable expressed and the other, suppressed
during the integration, playing a parametric part. In other words, the subsidiary
system practically has one independent variable fewer than the original equation.

In another paper® I have given a method for dealing with partial differential
equations of the second order in three variables when they possess an intermediary
integral ; and references will there be found to other writers upon the subject. My
aim in the present paper has been to obtain a method for partial differential equations
of the second order in three variables when, in general, they possess no intermediary
integral. The natural generalisation of the idea in DarBoux’s method has been

* ¢ Partial Differential Equations of the Second Order, involving Three Independent Variables and

possessing an Intermediary Integral,” Camb. Phil. Trans., vol. xvi,, 1898, pp. 191-218.
VOL. CXCI,—A, B 12.4.98
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2 PROFESSOR A. R. FORSYTH ON THE INTEGRATION or

adopted, viz., the construction of subsidiary equations in which the number of
expressed independent variables is less by unity than the number in the original
equation ; consequently the number is two. The subsidiary equations thus are a
set of simultaneous partial differential equations in two independent variables and
a number of dependent variables.

It then appears that such differential equations of the second order having no
intermediary integral divide themselves into two classes, discriminated by the
distinction that, for the one class, what I have called the characteristic invariant, viz. :

oF L OF oF 8!1

S ATk RS B e /+ao

can, qud function of p and ¢, be resolved into two linear equations, and, for the other
clags, the characteristic invariant is irreducible.

The first section of this paper is devoted to the general theory of equations of the
second order, so as to construct systems of equations subsidiary to the integration ;
occasional paragraphs in the other sections develop the general theory in connection
with particular types of equations. The second section is devoted to the integration
of equations whose characteristic invariant is reducible : a method is devised whereby
the integration can be effected in those cases where the integral can be expressed in a
finite form without partial quadratures ; and various examples are given in elucidation
of detailed processes. The third section is devoted to the integration of equations
whose characteristic invariant is irreducible ; and the method is applied with
considerable detail to some of the equations that are important in mathematical
physics.

It should be added that the case of three independent variables has been selected
for detailed treatment, as being that of complexity next greater than the case of two
independent variables, the general theory of which is fairly complete. An inspection
of the results, as well as of the processes, will make it manifest that, for many of
them, generalisation to the case of » independent variables is immediate.*

SectioN [
General Theory.

1. Let the number of independent variables be three, and denoto them by z, ¥, =
Denote the dependent variable by v, and write

ov I ov o "
o —m o
0z ’ oy ’ 0z ’
o 0™ 7 O

- =aq — =] =
ox® ? oy® ’ 0z ’
) v o

oz =/ Jow alaj

* See a note at the end of the paper.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER.

o

Let any general differential equation of the second order be taken in the form
F (v, z, 9,2 I, m, n, a,b,¢, f,9, h) = 0.

When the proper value of v is substituted, this becomes an identity, so that, when
differentiated with regard to @, y, z, in succession, the results are identities. Hence,
writing

or oF or or oF 0
Fo=talte az" thg, oy,
ok o o
¥, = oy + ov A+ h al +b8m +/5 on o

oF or oF or

]":aé'*'ab”’ + 9% +jam+ azb

we have

; Z o
S UL
0 du &
A o F ob 0 _
R e e
o ob o

B, Fog + ¥ + ...+ B‘ﬁ.az.:o

By Cavcny’s theorem, a solution of F = 0 exists, determined by the values of »
and one of its derivatives, assigned for a relation between x, v, z. This implies that,
at all points on the surface represented by the relation, the values of v and, say, dv/dx
are given ; and consequently the values of ov/oy and ov/dz are known at all points
on the surface.

Taking now v, /, m, n, as known on the surface, and denoting by p, ¢, the derivatives
of z with regard to x, y, along the surface, we have

dl = adx 4 hdy + gdz = (a + pg) dz 4+ (h + q9) dy,
dm = hdx 4 bdy + fdz = (h + pf) de + (0 + qf) dy,
dn = gdx 4 fily + cdz = (9 + pec) de + (f+ qgc) dy,

so that, as [, m, n, are known everywhere on the surface, the quantities

dl U
atpy=a, hba=g0
dm dm
h "I"pj —_ : b + ./“" ”[l’l
dn (Z;L
g+pe=,, JSre=.

are known along the surface. These equations require the relation
B 2
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4 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

dl dn dm dn
oy +P@—- A

dz’

80 thal they determine five of the quantities «, b, ¢, /, g, h, in terms of the
remaining one, say
dn
S gy T
dm dn

q-

4 2,
dy -+ ¢,

dy
g="_ e
V=g — PO
dl dn Ly
an Py + e
dm _

h= dv P(Z; +pye

e

dl du
*n@“‘@"fmﬂj
We also have

F(v, o, 9,2 [, mn, a b, c, [, I)=0,

so that, in general, there are six equations to determine the six derivatives of the
second order ; and if F is algebraical in «, b, ¢, f; ¢, /i, there will be a limited number
of sets of values of these quantities, which can therefore be regarded as known along
the surface.

In the same way, the derivatives of higher order can be deduced everywhere on
the surface, and so, taking any point as an initial point, we have the values of all the
derivatives of v known there ; we then have a series in powers of  — @, y — v, 2 — 2,
which, in CavcrY's theorem, is proved a converging series when xyyz, is an ordinary
point in space for the equation: and consequently we infer the existence of the
solution as established by Cavchy’s theorem.*

This conclusion is justified only, however, if the equutions do actually determine
sets of values of «, b, ¢, f, ¢, . In the case where sets of values are not determined,
so that, e.g., the equation ¥ = 0 becomes evanescent on the substitution of the values

* T'he most general form of the theorem may be stated as follows :—

It ¢ (, y, ) = 0 be an ordinary relation for the equation F = 0, that is, if it is not a solution of the
characteristic invariant equation, then a solution v of the equation F =0 exists satisfying the
conditions :—

(i) » is equal to a given arbitrary function of , y, 2, everywhere along the surface ¢p = 0;
(i1) one of the derivatives of v is equal to a given arbitrary function of «, , z, everywhere along
the same surface;
and a solution satisfying these conditions is uniquely determined by them.
Bee also a paper, Proc. Lond. Math. Sec., vol. xxix, 1898, pp. 5-13, in particular, p. 12
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 5

of a, b, f, g, h, the preceding inference is not justified. Manifestly one such condition
will be oF oF oF oF oF oF

P TPty Py — iyt =0
but this is, of course, only one among a number of equations.

The method, practically contained in CaucHY’s theorem, leads to a result only in
an infinite form ; moreover, it takes no account of the alternative when conditions are
not satisfied. We proceed, accordingly, to give another method, suggested by the
corresponding investigation (due to DDArBoUx) for equations of the second order in
two variables.

2. The principle underlying DarRBouX’S method is, in effect, similar to that which
underlies AMPERE’S ; but as DARBOUX’S method most easily admits of application to
equations in which the derivatives of highest order occur linearly, it is customary to
form derivatives of a given equation, in order to secure that the equations discussed
shall possess this property. If however the equation be already in a linear form, a
mere generalisation of AMPERE'S method can first be tried, for the number of
subsidiary equations is considerably smaller than in the other method, and conse-
quently the integrations (if they can be performed) are correspondingly easier.* It
will be sufficient for the present purpose to consider a particular example, say

7)-—f—|—g-—-]z:: .
When we substitute for b, f, g, &, we find

dm dn dn dm

g Te—a=1, + =5+ @ —pr+a—ple=0;

dx
the equation now must not determine the value of ¢, and so we must have

P=pgt+qg—p=0,

dm dn di dm
T D R T L,
dy o —g=1) dy + de:  do 0:
and there is also the identical condition
din dn dl dn
T Play Ty T, =0
From the first of these, it follows that either
p»=—a9=0,
or
g+1=0.

* A discussion of the subsidiary system, and of the relation of its integral to the solution of the
original equation, will be found later, in §§ 27-29.
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6 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

When p — ¢ = 0, then zis a function of @ 4+ y. Also the second equation becomes

d d
~~~~~ m—n)= —(m—n
dy ( ) dx ( )
so that m — 2 is a function of z 4 y. We infer, from the general considerations

adduced, that we may take
m —n=d(x+ 7y, 2),

where @ is an arbitrary function.
When g + 1 = 0, then -+ 2z is a function of w.  Also the second equation is

dm 1 dn
T dm ¢Z7 RPN

dy ~ da ! ldy

dy dw " d =0,

which, by means of the identical condition, can be transformed to

dl dm .

2
so that I — an is a function of z, and the corresponding inference is that

L= m=0(xvy+z)

where ® is an arbitrary function.
Each of these is an intermediary integral, and the integration can be completed.®
3. Passing now to the generalisation of DArRBoUX’S method, we change the variables

from =z, v, z, to @, y, v, where u is a function of z, ¥, z, as yet undetermined, so that

also z is a function of x, %, u, not yet determined. For the consequent variations of

z when x, vy, u, vary, write

it

d

I
&
~
@

—
7 75

S

and when =, y, u, ave the variables, denote the variations of the other quantities by .
Thus

-Z—;—% = + np, Z—Zfl = m -+ nq, (/% =n -C%/; ,
ZZ =@+ gp, ((sz = I +g9, zu =9 ;;7
T N B

¥ The example is discussed (and the solution completed) in another connection in § 9.
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DIFFERENTIAL EQUATIONS OF THE SKCOND ORDER. 7

Derivatives of the third order will be required. Write

ag,]; B 83 v a‘;'U 8 83,0
oy = = = - = =
0= an 0 0 Buoy YO Qnoyt 0= 9
o 3 P )
o = oA = =~ = i
LT 20 V™ Qwoy oz’ " 02 0z’
o’ F; B
oy = x—x". s = AR
2T omot 2 Sy 0z
B0
= o

that
S0 T da = ayde + Bydy + o dz )

dh = Bydx + vy, dy + B, dz
dg = o, dx + B, dy + a, dz

y
db = yydx 4+ 8, dy + vy, dz

df = B, dx+ y, dy + By dz

de = ayduw + Bydy + oy dz |

Now, from the equation F = 0, we have, on supposing a proper value of v
substituted, an identity, which thus admits of being differentiated and leading to
identities. Thus

dl¥ oF orF oF oF oF oF
T Tabtyntygrntyhtys=0
or say
X+ Ao, + HB, + Ga; + By, + FB, + Ca, = 0 1
and also :

Y 4 -A180+H7'0+G:81+B80 +F71 +CBy=0
Z + Ae; + HB, + Gay, + By, + FB, + Cay = 0

Consider the forms taken by these equations when the new variables are used.

We have

R T T Ty
Z’? = By + Bip: jZ/L =, + B, :;fj =B ((/]7: )
w=mter U =Biten  =w i
Z;{: = B+ Bup, ZJ; =, -+ B i% = f, ((ZI; >
gj == oy + ap, Zj/ = By + oy, ((1720/ = o3 :;; )
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8 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

The following relations, free from derivatives of the third order and not involving
derivatives with regard to v, subsist among the derivatives of ¢, b, ¢, f, g, h, viz. :

dh da =B oy dg
de dy p=aq=p dy -1 daz
db dh dar df

— s e — — A
dz dy =yp—FR1=p, dy Qg
df de de
dw ;6 Bop — 2 = p (ia; T g J

Further, from those equations, we have

T e
=y (o =)
ma il
amnla ot
By= — 181 sz; )

L df
pmmn 4
Y= — Biq + jj’j :

g L (B
80 —_— Bl P -+ (77/ » (ZﬁL (//’/

Other expressions are obtainable, but they are equivalent to this set in virtue of
the three relations above given. We take the value of 8, to be

ah dz
du * du

Substituting these values in the three equations, we find

— /31 + X + dcﬁ — A <d€/ —_ @> - H = dh + G l (fsz ‘.@)

dy  dw dw 9 \dy du
(Z/l L dg
+ B, (?i/ +C g dy =0,
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DIFFERENTIAYL EQUATIONS OF THHE SHECOND ORDER, 9
A E I N . L _ by
—Bi- , ‘L Y H + B (7 B P ((7 (77/) ¥ » (do dy )
1 1 df
Aol
ol p o
A 1 (_/l_t (l/L) _l (/(/ } h dh o 71 dj
B‘ ot Z + A 7 <(Z?/ - A + G g dy + P (,p - (i’g/) P da
1 dy
+ C )7— (7: pq {/7/

where

A= Ap’+Hpq + B¢* — Gp — Fq + C;

and in each of these 8, has the above-mentioned value.

4. There are two considerations, initially distinet, but found in the course of the
argument to be concurrent, which enable us to obtain a certain set of subsidiary
equations’; they correspond to the two modes of obtaining the subsidiary equations
in AMPERE’S methed of solving equations of the second order in two independent
variables.

According to the first of them, we note that the new variable w is as yet limited
by no conditions ; it has hitherto remained arbitvary. Suppose it chosen so that
A = 0, that s,

Ap* + Hpg + Bg* —Gp — Fg+ C = 0.

Then the term iu B, disappears from the three equations; and these (after some
reductions in whir‘h A =0 is used as well as the identical relations affecting the
derivatives of a, b, ¢, f; g, k) take the forms

=X do G0N oy (BN 4 g WYL qY e )
S_}\+A<:; ]0 >+H<_(Z¢v (Z?/>+ \/U ch/)+Gdﬁ;+B(1y“0
, ‘dh df db daf dyy ay N df
v=Y A (G =p )+ B 4B (5~ G;g;”;;;;-of
dy _ e (4 _ N g (Yt
(=Z+ A( - (‘Z:c/) +H k(?n: r (73/) +B ( dy - (77/) + (j + riz/ OJ

According to the second of the considerations indicated, we assume that the
new variable u, which has been adopted, is an argument in an arbitrary function
that occurs in the solution. Then B, will, through the term dh/du in its value
dh/dw < dz/du, introduce a triple differentiation with regard to « beyond any
differentiation that occurs in the integral equations, while no one of the other terms in
any of the equations will introduce more than a corresponding double differentiation
with regard to . Assuming the integral to be of such a form that these differen-
tiations give rise to derivatives of the arbitrary function, it follows™ that B, will

* Provided always that the number of derivatives of the arbitrary function in question, as occurring
VOL. CXCI.—-A, C
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10 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

contain a derivative with regard to u of the arbitrary function in question, of
higher order than any other term in any of the equations. Now the equations must
be satisfied identically when the value of » is substituted in them ; hence the term in
B, must disappear in and by itself in each case, that is, we have

A =0,
the same conclusion as before. The remaining parts of the equations must also
vanish ; their forms are already given.

5. The quantities, which have to be determined for the present purpose, are
a, b, ¢, f, g, b, I, m, n, v, 2, viz, eleven in all. They are functions of x, ¥, ¢
Omitting those equations in which derivatives with regard to = occur, the eleven
guantities are to be functions of « and y. Constants that arise in the integration
are constant because the variation of u does not appear explicitly ; tha’c s to say,
the constants are functions of w. v

The equations for the determination of the ¢leven unknowns are partial differential
equations of the first order; their aggregate is constituted as follows :

First, for the equations defining quantities, we have

dv

= I 4 np, by = m -+ nq,
dl \ dl

=h + I,

. dz)

dn

=g + cp,

=t g =hAge

dm

~“--—-).1-’{9')

dy

dn

- :./f' + C.(Z’

A

/4 V\ \\

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

dy
eight in all.
But there are certain relations among derivatives that must be satisfied. We

have:
d d?: _ (va
dg/ dr d% zlz
that 1s,
d
(h/ (Z + np) = . (m 4+ nq),
or, since
(iﬁ_i _d_z; . '_cig dz\ (lg
dy — dy dx) T de \dy) T dw
we have
dal dn c@_n + giﬁ
(h/ P, dy e 10

in the solution, is finite. If the solution is not expressible in finite terms, the inference is not neces-
sarily justified in the present connection ; we should then fall back upon the first of the two arguments.
An example will be found in §§ 41-43.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 11

a relation that is satisfied identically in virtue of the defining equations. As it

is deduced from two of these equations, and it is satisfied identically in virtue of

others, the inference is that the set of equations must consequently be reduced

by one in number when only those which are independent are to be retained.
Treating the other three in the same manner, we find

dh dy  da dg
da q de dy +r dy

b df dh df
P dy +p dy {°
daf de dy de.

ar T4, = dy +r dy J

equivalent to the identities obtained in § 3. As these are deduced from the eight
defining equations, they are satisfied in virtue of those eight ; they do not constitute
any addition to the aggregate. Seven, therefore, is the number in this class.

The remainder are the equations characteristic of F = 0, viz., they are

A=0, £=0, =n=0, (=0,

being four in all. It thus appears that the tale of independent partial differential
equations in the system is eleven, being the same as the number of quantities to be
determined.

It is to be noted—the verification is simple—that the original equation

F=0

is an integral of these eleven simultaneous equations. Hence, for their effective
solution, other ten integrals would be required if further considerations cannot be
introduced ; but it will appear from examples that this can be done, having the effect
of appreciably shortening the process of integration.

6. One generalisation is immediately suggested by the results obtained. In solving
equations of the second order in two independent variables, the subsidiary system is
composed of a set of simultaneous equations involving one independent variable in
effect ; and the preceding investigation shows that, for equations of the second order
in three independent variables, a subsidiary system can be constructed in the form of
a set of simultaneous equations involving two independent variables in effect. It is
thus suggested—and it is easy to see that the suggestion can be established definitely
—that, for an equation of the second crder tnvolving n wndependent variables, o subsi-
diary system can be constructed in the form of a set of simultaneous partial differential
equations of the first order involving in effect n — 1 independent variables and o
number of dependent variables, this system being subsidiary to the integration of the
proposed equation.

¢ 2
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7. The first of the equations, A = 0, belonging specially to the postulated eguation
F == 0, can be expressed in a different form. The quantity z is regarded as a function
of @, y, u; and p, ¢, denote the values of dz/dw, dz/dy, vespectively, when » is con-
sideved constant. Let the eguation connecting z, w, 7, u, be given (or taken) in the
form
w =,y z);
then we have

~

~ ~ . ~

(o7 (o1 ou (9777

— -+ p 7 = o 1
trg =0 5 tey =0

=
on

Substituting for p and ¢, the equation A = 0 becomes

NG LA

P On y pOnde SO
) + (,T aitj; 6‘5 + B a/’/ a: + (/‘a‘) e ()‘

g

which, after the preceding explanations in § 4, is an equation satisfied by an argument
of an arbitrary function in the integral of the differential equation

It is not difficult to prove that this equation is invariantive for all changes of the
independent variables. For suppose them changed according to the transformations

I\

a = E(x, y, 2),
y = (z, Y, 2),
=L (x, vy, 2

&8

2
S~

and let &, €, €., . . . denote derivatives of &, ... while I/, m/, %', & . .. denote deri-
vatives of v with regard to the new variables. Then

lLm,no= (&, ne LI, m/s0);
[ ’5
i é'gn Ny> gj/ .
: gma U g

a = (C&: b,; Gln,/'/: 9’/; I I g/}a Nas g;)g + LR
k’ = (a”b b/ﬁ G/; ,jya y/a /L'/‘ji Exa:; N Caf): gy: Nys 451) "+‘ LRSS

*)

the terms represented by 4 ... being terms involving the devivatives [, m/, #/, of
the first order only. If, then, the differential equation

F (Cl', b,. C, j; g, h‘: Z: M, ity Ly Y, Z) =0
bacomes

Fia, b, ... )= 0
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DIFFERENTIAL EQUATIONS O THE SECOND ORDER. 13
after these substitutions are made, we have

Al = Afwi "l" Hé:bf’/ + Bg’/J + Gg.rgj/ + Fé:’/f + Cg’.‘g:
H' = 2Aém, + H (ém, + &n.) + 2Bép,

and so on ; so that, if
/ AN e o (A [
wlx, y, z)=u («, y, ),
we have

AN Tl A (OuY g O O
A (a%) S 4= A (\ o) HHG o

on substitution and collection of terms. The equation may therefore be called the
characteristic invariant of the original differential equation.

8. A method for integrating partial differential equations of the second order,
when they possess an intermediary integral, has been given by me elsewhere; its
aim is the actual devivation of the intermediary integral which, being of the first
order, can be regarded as soluble. The preceding method makes no assumption as
to the existence of an intermediary integral, and indeed is entirely independent of
that existence ; so that it can be applied not merely to that former class, but also
to equations that do not satisfy the preliminary conditions for the possession of an
mmtermediary integral.

Secrion 1L
Equations having o Resoluble Characteristic Invariant.

9. As a first example (which, it will be seen, possesses intermediary integrals),

consider the equation
b=j—g+h
The characteristic equation is
2 —
—pyt+ ¢ —p+g=0,

which can be resolved into the two equations

p—qg=0, g4+ 1=0.

The other three equations, deduced as in § 3, 4, are easily found to be
i , N 3

dh (b dy TE AN
T + dy + da +(r—q b dy 0
oA, Yoot
T + dy + da: +(r=a- l)(l;z/ =0 l ’
df df . d le l
P WU — ) — — ) == i
a dy a +(p—q ) dy 0 )
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14 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

and we have the relations of identity, viz.,

dh_da _ dg g
dz ~ dy _pdg/ 9
b dh df df
de — dy — Yay 1w :
ol de A

dae dy =Pr dy 4 J
Take first the form
p—=q=0,

showing that z is any function of « + ». The three deduced equations then become

d d
@ (0= h)= G (g = h),
d - d
2 O=1) =G =1,
7 d
o (e= 1= (c=1)

so that & — g, b — f, ¢ — f, are functions of « 4 .
Hence, as, by the original equation, we must have

h—g=>0b-—f
we take, as integrals of the differential equations of the present type,

h—g=F (x + v, z),
b—f=F 2+ ),
c—Jf=F(z+y 2),

where F, and F, are arbitrary. Hence also
é% (m—n)=h—g= T (z+y2),
»a%(m—n):b-f= F)(z + v,2),
(:;z—(m-— n)=f —c=— Fy(x+y,2).

Tt therefore follows that

e ST e e TR e
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 15

and consequently there exists a function, say ® (x 4- ¥, z), such that

o0 o 0D 3P
=5, B=%, T

oy T T8
and therefore we have

m—n= & (x4 y,z),

where ® is an arbitrary function. We might proceed from this equation to the
primitive.
Next, take the relation
q+1=0,

deduced from the characteristic ; this shows that z 4 4 is a function of z. The three
deduced equations now are

dh dh \
T dw + + +
df f
— .
+ dy y + + (Zz ’
f dgfz —
and inserting the value ¢ = — 1 in the three relations of identity, they become
dh _de 09 4
da dy dy d ’
@ _dh_
ax dy — L dy + da r
ar dg __ ;dc de

dn (—Zg/ =Pr (Z?/ dz )
Combining these, we find

d da /] dl d d,
-,,b — _(_‘ — __}1 — O - _'l — _g. f— O’

dy oy dy  dy ’ dy dy
so that 4 — a, b — h, f — ¢, are functions of x. Hence, as we must have
f—g=0—1
by the original equation we take for an integral equation, as in the former case,

f—g=b—0h=G (2, y + 2),
a —h =Gy (x, y + 2),
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16 PROFESSOR A. R, FORSYTH ON THE INTEGRATION OF

wherve (1) and G, are arbitrary. But

; (m—1)="h—a=— Gz, y +z),

~

?;;/* (m—=10)=>0—="hh= G (v, 942,

J
==/ —g= Gey+=),

so that we have

aYs ~ -
[ ¢ (;‘rl 8 G a F’ & Py
o oy o’

congequently there exists a function, say — @ (x, -+ 2), such that

00 \ 08 08
=4y Gi=—5=—3"

AR

and we then have
[ ~m=0{(r,y+z).

We may proceed from this equation to the primitive.
As two distinet intermediary integrals, viz.:

l—m=0(z,y+z),
m—q =+ y,2),
have been obtained, it is worth noticing that they can be treated simultaneously, for

they verify identically the Jacosi-Poisson condition of coexistence. I we introduce
two new functions, 6 and ¢, defined by the equations

-so that 8 and ¢ are arbitrary functions, then the simultaneous integral is easily
obtained, say by MAvER’s method,* in the form

v=10 (’l + v, z) + ¢ (e, y -+ 5)’

which is the general primitive.
10. We next proceed to an example in which the given equation does not possess
an intermediary integral. It is not difficult to construct differential equations

* Math, Ann., vol. 5 (1872), pp. 460-466; see also my * Theory of Differential Equations,” Part T.,
§§ 41-43.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER., 17

of the second order in three independent variables, possessing a general primitive
involving a couple of arbitrary functions of two arguments, but not possessing an
intermediary integral,

LBt a
au b (v, v) = ¢, PN b (u, v) = ¢y,

83 a;z
Nk (?5 (u, v) = by, oudw b (v, 0) = ¢y, o b (1, 0) = oy,
and so on for higher derivatives and for other functions. Take two functions

b= ¢(x+y,2), 0=0(x+27);
and consider the equation

v=¢ + pb, + o, + 0 4+ N, + b,

as one from which ¢ and 0 are to be eliminated by means of derivatives of ouler not
higher than two ; the quantities p, o, A, u, being defined as

p=ax+by-+ cz, A= ax 4+ By + yz,
o=daw+ Vy+z p=ow+ By -+ vy
We have
L= (14 ), + &'1¢y + pbyy + oy, + (1 + @) 0, + o0, + My - pb),
m=(1+ b)) ¢, + 01y + pd1y + oy + B, + (1 + B) 6, + Ny + pby,
1w=cy¢ + (1 +¢") sz + pprn F opyy + (1 4+ 7) 0, + ¥, + 76, + g

For second derivatives, it is unnecessary to form expressions for b and c, for the
latter gives the enly equation which contuins ¢y, and the former the only one which
contains b,y;, so that, when elimination is to be performed, these equations would be
ignored. We therefore take v

a = (1 4 2a,) by, 4 21y + pdyyy + oy 4 (1 + 20) 0, + 200, 4 N0y + pby,,

= (Lo 4+ D) by (s +04) ba+ pbri + oy
7 + B0+ (1 + o+ 8) 0, + o0y + My + pb),
g = opy A (L4 a; + ) by + @1y + pdrig + opiag
+ (L +eaty) 0+ (o« + '}’) O+ Myyy 4wy,

J= 01¢11 + (1 + by 4 ¢y) b+ Uiy + phig + ohia
+ B0y, + (1 + B+ y) 0 + 79zv + My, + Ilﬂm

VOL., CXCL.—A. D
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18 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

What is required is the elimination of the functional forms from these equations,
if this be possible.

Manifestly all the third derivatives of ¢ and 6 disappear in the combination
a+ f—g—h; in fact,

atf—g—"h= (a] — ) ¢y — (“1 —b —d + b,l) o — (') = V') oy
+ (= “’)’)011 —(a—y— o Ay 0 — (“'““Y’) O,o-

If; by means of the expressions for [, m, n, it be possible to eliminate 6 and ¢, we
must have a relation of the form

a+tf—g—h+E 4+ gm+ ln=0,

where & 7, {, do not involve 0 or ¢.
in order that the terms in ¢, and ¢, may disappear, we have

(1+a)é+(L+ b)n+al=0, o« &+Vm+(1+¢){=0;
that those In ¢y, ¢y, Py, may disappear, we have

G=b e+ =0,  —(@ V) +ol=0,
— (a, = b)) + (', = V) + o (E4 )+ pl=10;

that those in 6, and 6, may disappear, we have
Q+a)é+ B+ (1+y) (=0, dE+(L+B)n+y{=0;
and, finally, that those in 6,,, 0,,, 6, may disappear, we have

a—y+ME+ =0, — (¢ =)+ m=0,
—(@=y)+ (@ =y)+pE+)+Mm=0.

These equations are to be satisfied simultaneously.
Using the last set of three, we have, on substituting in the third from the first and
second,

N+ p)(E+n+=0;
and similarly, from the first set of three,

(p+o)(E+n+ =0
We accordingly take
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 19
With this value, the first set gives

@ —=b ay =y 0
- ?
P o

(“ll — ) (x4 by + ¢z) = (a; = by) (¢'y2 + D'y + 0112’)'

that is,

Since x, ¥, 2, are independent variables, this can be satisfied only if

ay V)
“l= ==, say
b b
1 b 5
so that
o= kp.

Similarly, the second set gives
e A I S 0,

Y w
leading to
“_B_ Y v
o - :8 - = K, ‘}”
so that
= K\

The first set of equations can now be replaced by

E4+n+L=0,

) — by — p{ =0,
E+nt+aé+dbn+el=0,
+ k(a4 by 4+ ¢) = 0.

Hence k= — 1, and s0 ¢ = — p; also

o€+ b+ (e, — 1) =0,
£ _ " ¢ 1

by—e+1 —a—1  a—b  aw+ by +oep

so that

Similarly, by the other set, we find k = — 1, and so p = — \; and

& o _ ¢ _ 1 _
1—-F+ ¢ o -ty —a+ B-—-1 ar + By + vz

As the values of &, %, {, must be the same in the two determinations, and as the
variables @, ¥, z, are independent, we have
D2
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20 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF
« B _ v _1=-B+v_ -y B—a-1_1
R i~ L R = = -, say,
1y b, e 1+ by — c1 e, — a4, — 1 g = by P .
whence

,O:Q?)\, B:“+% 7/:&*!-“2;/;
so that ‘ ‘

(70+7/+/«)+ g/+:;;£=

It ig easy to verify that, when p is distinet from 0 and <« , there is no intermediary
integral, that is, no relation between /, m, n, involving only one of the arbitrary
functions # and ¢.  We have

& o _ &1
— p—— = pes—y [) 7
1 4 j; e -1__ 1 A
P P

and then the differential equation is
at+f—g—h+ - o {<1 -+ %)l e })— m — %} = 0.
It has no intermediary integral. Its primitive is
0= 0\ {p (= ) + 0, — 6
p=d@+y2), O=0(+zy):

where

‘and \ has the above value, and p is neither 0 nor .

11. Now take a particular case, so as to illustrate the method of integration.
Let

then

The ditferential equation is

20— m— 0

atf—g—h+" =05

and it is required to obtain the primitive
=¢+0+ 5y +2) (b= b+ 0 —0,),
p=¢(e+y2), O=0@+zy).

where

For the differential equation thus postulated, the characteristic equation is
PP=pr+p—9=0
(P—q9) (p+1)=0.

that is,
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 21

We therefore have two solutions. The first is

P—q=0,
leading to
z = function of 2 4 v

the second is
p+1=0,
leading to
y = function of @ 4 2.

The other three equations, particular to the equation under consideration, are

da ir/_ dh (lf/ dy — -y _
dr ~ Pax T ur +r -t dy + Y+ z =0,
dh ar db df /' /' 2 =b = f 2—m—mn
aw ~Pas T aw TPy _F@ y+z (g +ay =0
dy de  df de —f—=c¢c 2—m—n
ac ~Par T e +r dy (770 + /Z?/ + vz @y HE 0,
that is,
d dg dg 20 —-h —yg
dz (@—1)—=(p+1) <ch (lg/) v+ z =0,
ar  df 2h -—-b-—/ _2U=m—=n

d de de 2(/ —f—c¢ 2 —=m-—n
Slo=N—+))(f -G+ T T,

Taking first the case

p+1=0,
we have
4., 71—/-—2J+fJ-c 20—m—n _
(0& 7z J+f)+ Jt e + 0+ = 0,
But

0 0 4 o
Za-«h,»——g—Zg—l—f-l-c=<5;+p§z—>(2l—m—n):é@;(%-—m—un),

and
a 1 1 1

Wyte T GrylT g

so that
a M — 0
;Z;;'(a_ —q+f)+d@<“7/+z >=O'

We thus recover the differential equation, which is an integral of the system ; the
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22 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

arbitrary function, which would arise through the integration, is definite : we have,
in fact,
2 — m — 0

a—h—g+j+ R ="0.

Using this integral, the second equation becomes (on the elimination of 27 — m — )

d &+ h—b—y
e h — Z e s et .
Sh=0) 4+ T T =

Jombining this with the first equation, we have

; — 2/
La—2ht)+ T

so that, as p 4+ 1 = 0, we have

a4 (fﬂ_-_?@jb) — 0.

da

Since p 4 1 = 0 implies that z 4  is a function of y, we infer that

0 — 21 b
o= ah+ 0 arb. fn. of ¥,
y+z l

when
z 4 = arb. fn. of ¥ ;

and consequently an integral that can be associated with the original equation is
given by
o — 2 40

T :_9(z+oc,y),

where 0 is an arbitrary function.

Taking next the case p = q, the alternative that arises out of the characteristic
equation, we have the three other equations the same as before. It is now necessary
to take account of the three equations of identity, which, when the relation p = ¢ is
used, are of the form

o _do _ gy

de dy — Y\dy  dz )’
o _d_ (V0
de  dy T P\ay T ax)’
da dy =1 dy —dz)’

so that, eliminating the terms in p from the three equations, we have
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 23
ila—g) = a—g+ T =0,
Lh=f)= = f)+27’ij’ Hom=tos,
==Y =R =0

Eliminating the term in 2/ —m — n from the second and the third of thesc by
means of the original differential equation, we obtain the modified equations in the
forms

a+h—=b—y

L=y = L4t
4 g—c¢
Lm—tgmg =ty

By the fivst of the former and the second of the latter, we find

= d o2 to_
oo (@—=29+¢c)— lJ(a—29+)+ . = 0.

Now, as p = ¢, z behaves like a constant under the operation d/dx — d/dy ; hence

we have
d (&)ca—uj+c}
e — — — 07
da dy Y+ e
when
d d’
(de —a)2="0
Consequently
@ —29+ ¢
———— = arb. {n. of @
J+ = aro. in. of & + ¥,
when

= arb. fn. of & + v
and we therefore infer that
o — 2;1/ + ¢

y+z :d)(w—}-y’z)

is an integral that can be associated with the original differential equation, ¢ being
an arbitrary function.
In order to proceed to the primitive, we take first

=2 +c=(y+2)d+y 2)
and introduce a new arbitrary function f, defined by

(f) me - Sfuz =+ Sflez "‘fizz’
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24 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

so that

~

Y o \? . . . \
<§;j - gj> v =y + 2){ fin = s + 310 — Jom}>
where f is an arbitrary function of = + v, z. Hence
ov ov o . . .y
[ —n= o e (y+2)(fu—2a+t s+ h—To+ Gl +2y),

where G is arbitrary so far as this equation is concerned.
Similarly, introducing a new arbitrary function g, defined by

0(x+2y)=0=g11 — 39+ 3012 — Yoo
the equation
a—2h+b=(y+2)0 x4+ 2 y)

leads to the equation

0 2 \? .
o= 2h+b= <ax‘ - a;) v=(y + Z)‘(.(/m — 8Yus + Y122 = Yaza)-
Hence
ov

0 -
Z—-7n=é;—é§»:(y+z)(g”-2919+5/22)+g1-g2+B(m+y,z),

where F is arbitrary so far as this equation is concerned.,

In order that the two equations, giving the values of [ — 7 and I — m respectively,
may coexist, they must satisfy the Poissox-Jacosr condition (U, V) = 0, which,
when developed, gives

=L+t —g9,+F=0;

so that, taking account of the arbitrary character of the functions, we have
F=— (/- G=—(9{1~92)-

I — n=(y+ 2 (fu=— 2+ +/ “"fz ~ (g1 — 92)s
I —m=(y 4+ 2) (g1 — 2012+ 920) — (fi "fz) + 9. — o

Thus

1t is vasy to verify, not merely that these equations coexist, but also that cach of
them satisfies the differential equation ; but neither is an intermediary integral in
the customary sense, for each of them includes two arbitrary functions of two
arguments,

The equations are of the first order ; it is easy to obtain the primitive in the form

v=2f4 29+ (y + 2) (/1 —Jo + 01— %)

where £, = f (x 4y, 2) and ¢ = ¢ (v + 2, y) are avbitrarvy functions, and f1, /2, 715 G
are thelr respective fivst derivatives.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 25

12. It will be noticed that in these examples the equation A = 0 (which is of the
second degree in p and ¢q) is resoluble, so that it can be replaced by two linear
equations, and that the latter have, in turn, been combined with the other equations
of the system. Now, these equations are of LAGrRANGE'S linear form, and their
integral is such that some combination 0 of variables can be an arbitrary function
of some other combination ¢. Further, it has appeared that the integral of the
subsidiary system (other than the original equation) is such as to make some
combination y of the variable quantities a functional combination of § or ¢ at the
same time that 0 and ¢ are functionally related, so that, as the functional forms are

= (0, ¢),

where ¥ is arbitrary, is an equation that can coexist with the original equation.
Hence it is to be inferred that when A = 0 is a resoluble equation, that is, can be
resolved into two equations linear i p and q, arbitrary functions of two arguments
occur in the most general integral equivalent of the original equation.

13. The converse also is true, viz., if an ntegral relation involve at least one
arbitrary function of a couple of distinct arguments and be equivalent to a partial
differential equation of the second order, and not to an equation of order lower than
the second freed from arbitrary functional forms, then the characteristic invariant
equation can be resolved into two linear equations. (The number of independent
variables is, of course, presumed to be three.)

Let & and y be two independent functions of @, ¥, 2, so that not more than one of

arbitrary, we infer that

the three quantities
fﬂ’)y - na‘fy; fynz - fﬂ]}/) é:"]a: - 7],:"5.733

can vanish. As regards the arbitrary function of & and %, let it occur in the
integral equation in the form

v=07{ ..... Y ER) A

where ¢ denotes the derivative of the arbitrary function of highest order occurring
in ®. Then we have

l= %% (qslé:m + 4’2’71) + .

00
m=50 (bt + dm) + o P

0
"= 5% (P& + dm:) + ...

J

o == gg $hnES + 201,Em. + dom.®} + derivatives of ¢ of lower order,

0., .. ]
h = ag {(/)116?'5’;]/ -+ 4)12 (5@7’)1/ -+ é‘yn,) -+ (]522773;)7]/} + ...,

VOIL, CXCIL.—A. T
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26 PROTFTESSOR A. R. FORSYTH ON THE INTEGRATION OF

and so for the others. Now the integral equation is, by hypothesis, equivalent to a
partial differential equation of the second order, say to

F(a, b, ¢, f, g, b, I, m, n, v, 2, y,2) = 0;

hence when these values are substituted the equation is to be satisfied, and accord-
ingly the terms involving the various combinations of the arbitrary funetions must
disappear. Thus the highest power of ¢,,—or what in effect is the same thing, the

. 5G] . i
highest power of = __must disappear of itself, and therefore
& ] 11 8¢ }” }

or oF ol or or ar
g9 OF ‘{ 2 l 27 ] - i “ . ! S —
é'.r D gy ob gv e éz»:é‘:i/ oh gg’/‘f: a / ‘f{;« a{/ Oa

or, with the former notation,

AEP + HEE, -+ GEL + BE® + FEE + CE2 = 0.
But the term involving the highest power of ¢, 22, which will be of the same

degree as the highest power of ¢, gi) , must also disappear of itself ; and this gives

rise to the equation
20Em, + W (Emy + Ema) + G (€. + Em) + 2BEm, + F (Em. + ) + 2C€n. = 0

and likewise the term involving the highest power of ¢y %% must disappear,

leading to the equation
An® + Huyay + Guane + By,? + Foyn, + Cp = 0.

TFrom these we have
(AL +HHE+LGEY=(F H*—AB) £+ 2 (} GH~ L AF) £,6.+ (1 G*— AC) €2,
(An.+ 4 Hny 43 G = (3 B* = AB)n,* +2 (] GH —§ AF) mym. -+ (1 67 = AC) 97,
(A&, + 4 HE + L GE) (Ay, + 3 Hy, + 4 Cn.)
= (1 H — AB) £y, + (4 GH — L AF) (9. + m,) + (4G* — AC) .

so that, squaring the last, subtracting the product of the first two, reducing, and
removing the factor A, we have

(Discrt. of A) (€. — €m,)* = 0.
Similarly, by taking modifications of the first equation in the form

or in the form ‘ '

FGE + LFE + CEy = ..,
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DIFFERENTIAL EQUATIONS OF THIE SECOND ORDER. 27

and removing factors B and C respectively, we find

(Discrt. of A) (€, — Em.)? = 0,
(Discrt. of A) (€, — &) = 0.

Now it has been seen that not more than one of the three quantities

fﬂ']: - fff’)yn g:”]‘u - f:ﬂ];: f-c”’)y - g;yntw

can vanish.  Consequently
the Discriminant of A = 0,

in other words, the equation A = 0, that is
Ap*+ Hpq + B¢ — Gg — Fp 4+ C =0,

can be resolved into two equations linear in p and ¢. This establishes the
proposition.

But if' ¢, instead of being a function of two arguments & and 7, were a function
of only a single argument u, then instead of three equations we infer only one
equation of the type

Auv,? + Huu, 4+ Bu? + Guau, + Fuu, 4+ Cu = 0,

and its resolubility cannot be established. (It is, of course, not the case that it
is not resoluble in particular cases; it is not resoluble in general.) Hence when the
equation A = 0 cannot be resolved tnto two equations, linear wn p and q, we wnfer
that the arbitrary functions which occur in the vntegral equivalent are functions of
only a single arqument.

14. In the case when A = 0 is resoluble into two linear equations, and when the
other equations possess integrable combinations, a method can be constructed for
obtaining those combinations. Thus take the example considered in § 11, where the
deduction of the combinations is fortuitous in the sense that no indication of the kind
of combination is given. Let

O(a, b, ¢, f, 9, I, I, m, n, v, @, 9, 2) = 0
be an integrable combination ; that is, we must have

Y=o Yo
dy

Lither (i) one of them, or (ii) a linear cross between them, or (iii) both of them, must
be satislicd in virtue of the set of equations.

L2
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28 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

Let us consider, first, the case when
p41=20

so that ¢ remains arbitrary. Hvidently
do

dy

will not be the equation to be satisfied ; so that the effective combination must arise

in the form
w0 _,

e
when p 4 1 =10, In other words, we must have the equation

a9 08 o0 00 /00 00 0 00"
otemthon s, —la oy ey,
00 de , 00 db [ 06 de . 00 df . 00 dy 00 dh
e PN e e e e __,»t/‘lw__,:
+ Oa de ' 0b dx + oo de ' Of dx + S dv " Oh dz T’

[t
)+ 5 =)

/

(wherve the value p = ~— 1 has been inserted), satisfied in virtue of the system of
subsidiary equations. The relations of identity all involve ¢, and therefore cannot
be useful for the purpose. Hence the above equation must be a linear combination of

des dh h
dz  de + X=0
dh db :
dy _df 4+ 7 =
d da _
where
X=2=l=y
¥+
Y 3/»0_:—()-—-]'___ 2 — m-:n’
y+=z (y -+ =)
2y —f—¢ AU — e — an
i T= T e e
y+z (y + 2

these being the subsidiary equations particular to the present case when the value
p = — 1 is inserted.
When therefore we substitute

de dh db dh df _dy .
do — dw £ de ~ dx + Y, de ~ dx + 2


http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

1\

[~y

/J
A

\

a

/N

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

'DIB‘FERENTIAL LEQUATIONS OF THE SECOND ORDILR. 29

in the equation derived from 0, the latter should become an 1dent1ty that is, we
should have

0 00 . o0 20 20 ah
3 + al+ham+ on <§;+géf+f87b 8-.>+Ba< _X>

da
‘dh 08 de 00 dy 08 dh
+ ob ((L + Y>

dd de dy L 90 .
+ac (la_;+(7 ?)8 +8f( +Z>l-a‘/ (Zx+8/z, i =0
satisfied independently of the values of derivatives of 4, ¢, ¢, with regard to . It
therefore follows that, if a function 6 of the sugg gested type should exist, it must

satisfy the system of equations
06

o =0
g | 20
P e O
f ¥ BJ
c0
o T =0
and
0 00 06 20 0 | 2
o =D =N >a o (=)
0 00
"Xan“"Y“z""Zj ,

and the number of functionally independent solutions of these homogeneous
simultaneous équations is the number of integrable combinations of the subsidiary
system.

This system of partial differential equations of the first order must be rendered
complete by associating with it the Jacosr-PoissoN conditions. This complete
system, obtained by the regular processes, is without difficulty proved to be
equivalent to

0 of
=0 5 =0
- 06
~w Tatw
4 00 00 00 1 06 1- 06 00  09\. 1
b AT T T T T y+20f T y+edg <8a ob > o+
and
00 08 _2( = —n 00 20 —3h+b4[f—g00 _ 0
or 0z (y +2? ou v+ o T

the latter being the modification of the last of the four initial equations.-
The complete system thus contains nine equations: it involves thirteen variables,
viz, ¢, b, ¢, f, g, b, 1, m, 0, v, @y, 25 and consequently it possesses four functionally
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30 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

independent solutions. These can be obtained, by any of the regular methods, in
the form

J—y 20— -

—_m —n .

Y+

a—h—g+ S+

But the last is zero, owing to the original differential equation ; and by using this
imposed restriction, the second becomes
a—2h 40

Yyt
Cousequently the most general solution of the system is
‘o — 2 +0 ).,“
q;( .,y+z "L+ﬂ"l/,_0’

where @ is arbitrary ; an equivalent of this is

a—2h + b . e

where 8 is arbitrary.

Similarly a mew relation between derivatives of the second order can be deduced
by taking the alternative solution p — g = 0 of the characteristic equation.

The rest of the solution proceeds as before when once the system of partial
differential equations satisfied by

$=93(a, b, e, f, 9, 0, L, m,n, v, 0, y,2) =0
is obtained. Now, when p = ¢, the relations of identity arc

b du <L’Z!/ (lg>
— Y el N

de dy — Y \dy da
Db (4
de dy r dy da

i / Ie fe
df f;’,/,_..)<“ (o)

de — dy T U \dy T dw )’

These can be used to eliminate p from the equations particular to the present case,
and the latter then become

de da dy dy )
—-<(Zw dg//\'—‘_x——o

dw —dg/ \ —'dy)'*' Y=0 o

de dy

\

dh dh <J/ _

dg — dy

de : ) v
i e et /==
da dy (\d;‘c dy + )
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 31

which hold whatever be the value of p. But from $ = 0 we have

09

5 %a+m+mw+w M+ﬁ)%(+w)

09 da 89 de
—ran da + +ac cluc—o
and

09 . 09 09

D2 ) 4 5 ) + 5O+ 2 (S )
09 dn 89 de
oct (77/ + - -l_a(' dy — =

For our immediate purpose, p = ¢ ; hence, subtracting, we have

‘E)_? 8// (l m) + %7 (v — h)y + 5 (h—=0)+ o (g —f)

da da
v e ey
+= o ({'lx K 7/> 0,

which, being free from p and ¢, must be satisfied in virtue of the above three
equations. This being the case, it must, when we substitute for

da da, h (_Z/_L de de
dz dy’ da dy’ e~ dy’

be satisfied independently of the values of

dh dh daf ar dy dy

dz dy’ do — dy’ el dy’

Assigning the necessary conditions, we find

w =0
T+ a=0,
%+%+@—o
S e m e Ja—n S 0—n 45 =)
~XGg Yy =0
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32 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

The integration of these equations can, as already stated, be effected in the same
way as for the preceding part of the solution of the original equation; the most
general solution of the system is found to be

/‘L-—Qf/—l—(ﬁ

PR G A

15. That the method just expounded is not restricted to individual instances of
equations, for which A = 0 is resoluble, can be seen as follows.
We consider, more generally, the case when

Ap*+ Hpg + Bg? = Gp — Fg+C=0
is resoluble into two linear equations. We have

(Ap 4+ 1Hg — LGP = (A — AB) g2 + (AF — JGI) g + 1G* — AC.

]:Jet
1H? — AB = 6,

CAF — $GH = — 26 ;
(1° = AB) (6 — AC) =} (AF — JGTIY,

then, since

we have
1G? — AC = 0°¢°,
and the equation is

Ap +4Hy — 3G = £ 0(q — ¢),
that is, we have the two equations
Ap+ GH —0) g — (3G — 04) = 0}
Ap+(H+0)g — (G +0) =0

where

¢ = 1H? — AB

Taking the former of the two equations, viz.,
Ap + (3H —0) g — (3G — 0¢) =0,

we seek to obtain combinations of the three equations of identity with the three
equations particular to the present case. The first equations of each of these sets, as
given in §§ 4, 5, are

da dh ah dy dy /o dy dg " dg
S I = L 7 A — Bl I Rl
X+ A do ! H dx + .B dy + G da + F dy p (\A dz +H CZ;z/) B dy 0,
d 1, { Ly
o« dh dy _ M

dy T da P dy T e ™
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 33

Multiply the latter by $H — 6, and add it to the former. In the resulting equa-
tion, the coefficient of dg/dux is

G—Ap—-(GH-—90)yq,
= (3G + 6¢);

which 1s
the coeflicient of dg/dy is

~Hp —Bg + (0 = ) p + F= — {(}H +0) p + B} + F
= - A+ gH =003 +

= — ﬁ--if’( G — 0) + F.

But this coeflicient, multiplied by A,

= AF — }GH — }G6 + 1HO$ + %
= 1GH — 1G0 + 1Hbp — &%
= (3G + 06¢) (3H — 0);

and therefore the terms, involving derivatives of ¢, are

d H -6 d
G+ o) (5 + 1 )

The terms involving derivatives of a are

da 1H ~ 6 da\
A <ch A dy> ’

and those involving derivatives of A are

h b H-—ec/
0 02 41

The equation is now in its simplest form. The other pairs may be treated in the
same way ; and thus, corresponding to the equation

Ap + (BH — 6) g — (3G — 04) = 0,

we have a system of three subsidiary equations free from p and ¢ in the form

X o+ A + (JH + 6) 3h + (16 + 0¢) 3 = 0 )
Y 4+ A8 4+ GH + 0)8b + (36 + 04) 8 =0

. 1
Z + Adg + (GH + 60) 3 + (3G + 09) 3¢ =0, J
where
¢ FH=0 4
= + A dy
VOL. CXCI.—A. i
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34 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

If
wla, b, e, f, 9,0, 1, m, n, v, @y, 2)=0

be an integrable combination of these equations, then we must have

ou da ow dh = Ou cm
B do +ém;+~ o ¥
aw ou 0
+5, U+7ﬂ+aﬂw+gm 5;M+ﬁﬂ+§ﬂg+qﬂ=
ou da ou dh o
_aé g T + 5 &y + E» + 87 q + ~~~~~~~ (m -+ nq) + fffff (h + 99)

0 O
+ 5 b+ f) + 5 (f+cq) =0

1TH —
Multiply the latter by ?—E—J, and add to the former; where p and ¢ occur in

A
the result, it is in the form
L —_— LG —
p B0, a6,
and so the equation is
8u gu_ aw 82/ _6 Bu 3G — 606 Ou
8 0 0 — 0
+ a: <Z+‘“w m A"‘d)")”}' az <“ '¢9>
Ju JH - G — 0¢ § H 6¢ _
+ (B £+ lg+ R 4 0% =0

This must be satisfied in virtue of the three preceding equations and independently
of the actual values of da, . .., 8f. Substitute for 3¢, 8b, dc; then the coefficients
of 8f, 89, 6h, and the term mdependent of these must vanish. We thus obtain four
linear homogeneous partial differential equations, viz.,

0= u  tHA400m A Ou ~
T T A & tH+o0d
S _LGaosd_ A D
— % A d (G +0¢
_ O $G+0660u  JH+0 Ou
O‘af_1H+0 B LG+ 0 O |
X Y Z ou gzﬁ ou ou o |’
Oé_X—1<H+6 1G+6’¢+81+Z +a ’V+ 8m+gan
tH—6 ( ouw , Ou 81‘0 du ou
+ A \(}J+ v + A +Z)8m+fan)
1G — 6¢ [du ou >
oA <8~ g +9 (Jl [+ ‘f om S+ J


http://rsta.royalsocietypublishing.org/

s |
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

DIFFERENTIAL EQUATIONS OF THE SECOND ORDPER. 35

with - .
0=Ap+(3H—-0)¢— 3G — 0p)

This system of four equations must be rendered complete by constructing the
additional equations that arise out of the Jacosi-Porsson conditions. If, when
complete, the system contains n equations, then it possesses 18 — n functionally
independent solutions. Among these must be included (i) the original differential
equation '

F(a,b,c,f,9 b 1, m,n, v, 2,y,2)=0;

(i1) the two distinct integrals of
dz dy dz

AT IH—07 1G04’

say these are &, .

Putting these on one side, there are thus 10 — n new functionally independent
solutions. A not uncommon case is n = 9, when there is one new solution, say .
Then we have

w =1 (& 7),

where { is an arbitrary functional form ; and this equation coexists with the original

equation
F=o0.

16. Thus far we have -considered only one of the two equations into A =0 is
resoluble.  'When we consider the other equation, viz.,

Ap + (FH +0) g — (4Q + 0¢) = 0,

the sole difference in the general analysis is manifestly a change in the sign of 8 ; and
we therefore obtain the corresponding system of linear homogeneous partial differ-
ential equations, determining an integral combination (if any), by changing the sign
of @ in the preceding system. The method of integration is the same as before.

It may happen that neither of these two systems possesses a solution distinct from
the differential equation. If, however, either (or both) should possess such a solution,
then n must be less than 10, and certain conditions——viz., those in order that the
system when complete should contain not more than nine equations—must be satisfied.
These are the conditions in order that one equation—or two equations, if the result
hold for both systems—of the second order involving an arbitrary function of two
arguments should be associable with the given equation.

And it should be noted that the characteristic invariant of an equation associable
with the given equation is satisfied by that linear equation in the characteristic
invariant of the given equation which is used to derive the new equation. 'The
result is general, and the proof of the genera,l' result is immediate.

F 2
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36 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

17. Now it may happen that the simultaneous system of equations admits of no
new common solution in either case; the inference then ig that no equation of the
second order containing a single arbitrary function can be associated with, or is
compatible with, the given differential equation. But it may then be that some new
equation of the third order-—mew, that is, in the sense that it is not one of the
immediate derivatives of the given equation—containing an arbitrary funetion can be
associated with the given equation; and this may occur with each of the linear
factors of A = 0. And so on, precisely as in Darboux’s method for dealing with
partial differential equations in two independent variables; we seek to obtain one
equation (or, it may be, two equations) of finite order which are compatible with the
given equation, contain one arbitrary function, and are not mere derivatives from
that given equation.

We have been proceeding on the supposition that the equation possesses no
intermediary integral. If no other equation of finite order is compatible with
the given equation,® then the method ceases to be effective. In that case, the only
result generally attainable seems at present to be that which occurs in the establish-
ment of CAUCHY’S existence-theorem ; the integral certainly contains two arbitrary
functions, but its expression (in the form of a converging series) is not finite.
~ 18. Suppose that the conditions for the existence of a new common solution
are satisfied for neither of the systems in §§ 15, 16, so that no new equation of the
second order, containing only a single arbitrary function, is compatible with the
given equation. We proceed to construct the system of subsidiary equations which
determine an equation (if any) of the third order containing only one arbitrary
function, and compatible with the given equation

F (b, e /g9 01, mn, o xy 2)=0.
On account of this equation, we have three derived equations of the third order,
viz., with the former notation '
X 4+ Aoy + HB) + Ga; + By, 4 FB; + Cay =0
Y+A180+H’)’0+G/81+B80+F71+O;32=0 r;
Z + Ao, + HB, + Goy+ By, + FB, + Coy = 0 J

and the new equation (if any) must be compatible with these.
19. The process is an amplification of that used in § 2. When the proper value
of v is substituted in F = 0, the latter becomes an identity, so that, when it is

* A simple instance is given by

2

b—ti—gt frEmm=n_
yt+a

where \ is a positive constant other than an integer.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 37

differentiated with regard to the independent variables, the results are identities. By
hypothesis, no new equation is derivable when first derivatives are formed: we
therefore form the derivatives of the second order, being six in all ; viz., they are

Pr I e

dgcﬂ = dyQ - deg - 0:
e L L
dyde — 7 dede ~ 7 dady” 7’

equations which contain derivatives of v of order 4. Let these fifteen derivatives be
denoted by s, 8y, . .. , sy;, their definitions being given by the scheme

de 4+ dy+ dz

do, = 7 Ty g
do, 7y 7y g
doty 7 "y 10
doy 10 (an 15
dB, ) 7y Ts
ag, 75 s 79
ag, 79 "13 T4
dy, 7y Ty Ts
dy, 73 19 713
ds, 7y S} 2

Further, let (XX) denote the part of ¥ which is free from derivatives of the fourth
3 part da? : :

p) ) ) 2]
order, (XY) the corresponding part of &%%, (XZ) that of c—%—g—z, and so on. Then the

six equations are

(XX) 4+ A, + Hr, + Gr, + Br, +Fry +Crg =0 )
(XY)+ Ary + Hry + Gry 4+ Bry +Frg +Cry =0
(XZ) + Arg 4+ Hrg + Grg 4+ Brg + Fry +Cryjy=0
(YY) 4+ Ar, 4+ Hry + Grg 4 Bryy 4+ Frg 4+ Crig =0
(YZ) + Ary + Hrg + Gry + Bryy + Fryg + Cry = 0
(ZZ) + Arg 4+ Hry + Gryg + Bryg + Fryy + Cry =0 5

As before, let the variables be changed from z, v, z, to «, ¥, u, where u is a function of
x, y, 2, as yet undetermined, whence also z is a function of x, %, w. For the
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consequent variations of z when x, y, u, vary, we write p and ¢ for dz/dwx, dz/dy,
respectively ; and we adopt the notation of § 3. The new expressions for the
variations of v, [, m, n, ¢, b, ¢, f, g, h, are given in § 3; those for the variations of
ooy 04y, Oy gy B0, Brs Bas Yos Vis Ops are given by the equations

d da . dz )
el 0 , (tety *
R 71 = m= g 40 T P
dz VR dy 2 F g du 3 du
dey dey dey dz
—— 7.0 e r)l:_ _ o il RS
d s el dy s F g du b du
ety ey e, dz
T =T + 700, dy =7y 4 0 duw oy,
ety (ot et dz
= P o g e 1 I I
iz 10+ P dy 1 1 "1 du 5y,

d, s d, oz
,_ﬁll =7, + rp, it | 7, + 75, BQ =y, —
da ~ dy ‘ du ° du .

Pl
g, B, g, dz
i 7 == == Py = Ty ==y
de 5 o dy ¢ T du Y
. dpB. A48, dz
Py o, =y b g, =y

dz dy ‘ du *du
ey, dryy dryy dz
=gy 7 Iy r =71y ——
du o s dy 1 s Cdu 8 du
dy, doy, dey, dz l
=gy P3P —— = 75 S oo,

e s TP dy 12t 713 dy 18 7,
as dasé ds dz
Gr=r b =it =T
dz ' dy et dy du y

The following relations subsist among the derivatives of «, ..., §, free trom
derivatives of order 4 and from derivatives with regard to u, viz.,

R R P P

de — dy =1 dy g, = TP — 7Y
A e _ e

dx dy =7 dy Cge = TP T
By dey A das o

da dy P dy q de TP g i
vy OBy 9B By .
dz ~ dy =r dy gy = T8P T 74
My ARy By dBy

do  dy T P dy Vg = Tl =g
dd, dry, doyy dy,

du — dy T r dy T4 g T el T )
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 39

These six identical relations reduce the twenty equations in the two foregoing
columns to fourteen independent equations; hence the fifteen derivatives 7 can be
expressed in terms of one of them, say »;, and of derivatives of oy, . .., 8y; and the
value of r; is dBy/du + dz/du. These expressions for the other fourteen, in terms
of 7y, are

ST T E’Z?J) 4 T |
v by q (j dy 1 da dx
!
ry= = sp 4 [ﬁo
= L de dey
s = "5 q q \'p dy q da
g
7y = — 15q + di/j
. 1 de
I
g L (B B
=T, + P <q ar Py + dy
pm e LB By
s = 5 P dv  * dy g
S SO |
o= =15 P + p de
1 1dey 1 da
P = Py — o o
pg pgdy © p {de ‘
. LB BN o I 4
711_”—}5[734_192 ({Z az P dy +p 1 2 dy + dy
= O 0B BN LA
P19 = Ty Ty = ol q - -
~ P P° dx dy P dz dy
: Loy L dBe  dBy L dy
"1 "s P + P <Q dz P dy + p dx
1 1dg , 1.dg,
=T 2 P dw + p dx
— 1 1dB _ 1dB | 1 de
ET S T e e T A )

20. When these values are substituted in the six equations, and terms are collected,
it appears that the terms in r; in the six equations are

A A ) Aq X
""5.‘;: 75j99a "‘"5'2}5: T

respectively. For reasons which, being the same as before, need not be repeated
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40 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

here, the term in 7, is made to disappear from each of the equations, and thus
we have
Ap* + Hpq + Bg* — Gp — Fg + C =0,
the characteristic invariant. (We hence notice that this is a particular illustration of
the remark in § 16, viz., if two equations are compatible with one another, their
characteristic invariants are either the same or, being resoluble, have at least one
factor common.)
The six equations, after some reductions of an easy character, take the form

(XX) + A <‘ —p §>+ H({i~ P %/) + B(iﬁj —q ZZJ )+ G- ’h +F ZZ/ =0,
(YY) + A< ‘f;;‘)+ H(iz,i" - P %)-I— B<%°——— chl)-i— G‘;';‘ + F-%l— =0,
24428 =2 {2 b2 B
(Z7Z) + A(da‘ _p%i>+ H(\‘Z[%__p%>+ B<fl§/’__ f(%)_{_ (ﬂvdag 4T ccz;; _

For the aggregate of differential equations in the system, we have one pair

dv
= [+ np, d;/ﬁ =m 4 ng;
three pairs, one of which is
al di
o = @ 9P, &y = h+ gp;

six pairs, one of which is
da da

c};—-"‘o“‘“lp: =, + %,q;

(h/
one characteristic equation,
A=20;
and the above six equations.
The three equations of § 18 become three integrable combinations of the above six
with the foregoing equations in the six pair
The number of quantities to be determined is

10 quantities . . . . g ..., O;
6 - - A -
3 ., . lmy g
1 quantity . . . . v;

1 ’e o Z;
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DIFFERENTIAL EQUATIONS OF THE SECCND ORDIR. 41

or 21 in all. There are certain relations among the differential equations; and
further, four integrable combinations of the new system are known to exist, viz.,
the initial equation F =0 and the three equations derived from it. What is
wanted is, if’ existing, a new integrable combination.

21. Thus far the analysis apphes whether the characteristic mvauant is or is not
reducible to two linear equations. Suppose now that, as in §15, it vanishes, in
virtue of one or other of the two equations

Ap+GH = 0)g— (3G —0d)=0
Ap 4+ (3H+0)g — (3G + 04) = 0

and consider these in turn, in the same manner as before.
Then, by combining the equations of identity with the equations pa“tlcuhr to
F =0, we have

(XX) + Aty + (I + 6) 88, + (3G -+ 06) 5, = 0
(XY) + ASB, + (JH + 0) Sy, + (3G + 04) 58, = 0
(XZ) + ASey + (JH + 6) 88, + (4G + 04) 8, = 0
(YY) 4 ASy, + (H + 6) 85, + (3G + 04) 8, = 0
(YZ) + A3B, + (JH + 0) 8y, + (3G + 0) 88, =0 |
(ZZ) + A8z, + (3H + 6) 88, + (3G + 04) Sx, = 0

as a modified form of the equations for

Ap+ (3H — 0) g — (4G — 09) =0 J
and in this form
d sH — 0 d
= + A dy J

Let now
E(ag .8y uh,lym v ay 2)=0

be an integrable combination, so that we must have

0K da, ok da Lok dl ok aL
= Ouy da + = Oa  du 2 di + au (L + np) + + P =0
0 day U do W aL

Ouy dy + oa dy o dy 8 <m+“g)+ '31 + 75, =0

Multiply the first by A, the second by $H — 6, and add ; then using the equation
connecting p and ¢ only, we find

oL 1}]:

AS -8, + A Dl

By + (16— 04) 37 =0,

+(iH—0) >

where
VOIL. CXCl.—A. u
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D8 D o .9 d -
S S T il _ .
Dz~ ow ' ! ov + o ol + b om +y on
+ ot Bog .
%m+0%+1@+w%+@w+“a
] P o .9 .9
vy = Tty b%+f'é53,

+’808(o +YO8/L+61 9

(

+0%+Wa+ﬁ&

D 0
D/_é—+“'\ +y al +'fam € on
0
+0‘1§d+/81§;‘b zaj"}"}’lﬁ +/3’za ‘”a“C‘J

Now this is to be satisfied in virtue of the preceding six equations and indepen-
dently of the particular values of Oy, ... 03, belonging to any integral of the
original equation. Hence the equation must be expressible in the form

A {(XX) + .. }+x;{<XY>+ g4 (X >+ 3
N AYY) 43 N ((YZ) 4 0 ((Z2) + 103,

where Ay, .. ., \;, are indeterminate multipliers; the conditions sufficient and neces-
sary for this are

@H+mﬁ%—uQH+®“m+Awm+wy~_Aﬂh=m
E alh aL
G+%MLM-A(G+%)~M+M0G+%)M—A &y,
on o0
(46 + 09)° 55 — (AG + 04 (BH A+ 0) 5 -
+(G+%wﬁ+ng H+Wﬁ9=m
o (FH + 0) GG + 0¢) Q5| A*GH + 6) OF on
A Oy (3G + 09) Oug 98,

o ok A OE
'_'(%G"}'H‘}b)—(’%;_(%ﬁ'{"e)a_“;—lg,*_g(i)a’g =0,

and

JdE  1H46 oE dE 3G +0¢ OF OB
(XX)“ ‘HXY){ i3 Oz, }'HXZ) {EJ A aa)} (YY) 1 1H+9 a8,

1

. WA E_ AGH+06) OB fz‘é?__m
+ (YZ) {la ¥ € 0By (3G + 0g) Omy } (22) | 'G + 9¢ Gy =

22, This system must be rendered complete by the addition of the Jacopi-Porssox


http://rsta.royalsocietypublishing.org/

/an
A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 43

conditions. If, when complete, the system contains N equations, then it possesses
23 — N functionally independent solutions. Among these are to be included-—

(i) The original differential equation F = 0; :

(i1) The three derivatives of F = 0 with regard to x, y, z, respectively ;

(i) The two distinct integrals of
de _  dy dz

AT -0 1G - 0¢°

say these are & .

Putting these on one side, there are thus 17 — N new functionally independent
solutions, so that N must be not greater than 16 in order that the method may be
effective. If, when N = 16, the solution is u, then

w=14(& ),

where 4 is arbitrary, is an equation of the third order that can be associated with
the given equation.

The same process, with corresponding results when the appropriate conditions are
satisfied, is adopted for the alternative linear equation

Ap + GH + 0) ¢ — (3G + 64)

arising out of the reducible characteristic invariant.

23. An example in which no equation of the first order involving only one arbitrary
function, or no equation of the second order involving only one arbitrary function,
can be associated with a given equation of the second order, is furnished by

m —n

20—
) - h — g + f + 2 — *“7/—':{_—;'* = 0.

The general primitive is

v=F 4G+ §(y+2) {F — Fy+ G — Gy}
+ 5 (7 + 2)? {Fy — 2Fy - Foy -+ Gy — 26y, 4 Gy,

F::F(w-l—y,z), C}:G(/B—!'Z,?/),

where

and the subscripts 1, 2, denote derivation with respect to the first and the second of
the arguments in the respective cases. The associable equations are of the third
order at lowest ; and they are

2= 8By 4+ 3yo — 8 = (y +2) P (x + 2, ¥), ‘
tty — oy + Bty — g = (y +2) V(v +y, 2),

where ® and ¥ ave arbitrary.
In a similar way in part, and by induction in part,it may be proved that the

integral of
20— m—n 0
y+z 7

c/,—lz;'(/—l—f—[—l
¢ 2
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44 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

where I is a positive integer, can be expressed in finite terms. To express the
integral, let

* Fa, B)=T, where e=uwu-+1y B=-z,
G (o, B) = G, where @ =zt =y;

. 0 0 , . 0 0 4
and denote by A the operation Fri by A’ the operation o T ag so that
of or o oo AN
_ oo o= Y o O O
A== AT =2t ae o
, oG oG G G oG
g O ey Yy O, O
MG=or—agr MU= 2wt
Then the value of v is
v=F 4+ G
+ 1y + ) (AF + 4G)
e

I (2L — 5! i}
+ (rf—sf—jgm (y +2) (AF 4 A"G)

+ o (y ) (AT 4 AT,

24. But it is necessary to take account of what has been achieved when one
equation or when two equations (say of the second order) have been obtained
compatible with the given equation and involving each one arbitrary function.
The method adopted in § 11 to pass to the primitive has manifestly no element of
generality.

Now the three equations are not sufficient to express a, b, ¢, f, ¢, b, in terms
of I, m, n, and the variables; but they frequently will serve to express groups
of combinations of «, b, ¢, f, ¢, h, in terms of those quantities. Thus the three
equations in § 11 suggest combinations ¢ — &, A — b, g — f (which are the derivatives
of I —m), and @ — ¢, h — f, g — ¢ (which are the derivatives of I —n). This,
however, is only a slight modification of the former method ; it, again, has no element
of generality.

Another plan would be to differentiate the three equations up to any order with
the hope of determining all the derivatives of the highest order that occur in
terms of derivatives of lower order. T1f this were possible, substitution in the
equations of differential elemeunts such as

dl = adx + hdy + gdz

and successive integration would ultimately lead to ». It appears in general, how-
ever, that relations of interdependence among the equations prevents them from
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 45

being adequate for the purpose at any stage; the relations are, in fact, satlsﬁed
conditions of compatibility. This method is, therefore, ineffective.

An effective method can, however, be obtained as follows. Restricting ourselves
for the moment to the equation of the second order with two compatible equations
also of that order*-——the restriction is made only to simplify the explanations—we
have v as expressible in terms of two arbitrary functions. Hence each of the
quantities I, m, n (and therefore any combination of v, I, m, n), can be expressed
in terms of two arbitrary functions. Now in one of the compatible equations we
have one arbitrary function which is to be identified with one of the arbitrary
functions in v; hence it is to be expected that a proper combination of v, I, m, u,
is an intermediary integral of that equation involving a new arbitrary function, which
must be identified with the other of the arbitrary functions in w.

Similarly for the other of the compatible equations, there is an intermediary
integral involving the two arbitrary functions. The conditions of coexistence of the
two intermediary integrals must be assigned ; it will appear that, if the conditions
are not satisfied identically, they provide the means of identification of the various
arbitrary functions.

It is to be observed that the intermediary integral or integrals thus obtained
cannot be regarded as intermediary integrals of the original equation in the ordinary
sense of the phrase, for each of them involves two arbitrary functions. But they
are intermediary for the respective compatible equations : each of them involves one
arbitrary function more than occurs in the compatible equation. The result mani-
festly does not imply that the original equation possesses any intermediary integral ;
in fact, the assumption throughout our investigations has been that no proper
intermediary integral exists,

25. A methodt has been given elsewhere for constructing the intermediary integral.
In effect, it amounts to the use of the conditions which must be satisfied in order
that the derivatives

av, + hu, + gu, + 1, = 0
hul + bum + ﬁ‘n + Uy = 0
gz + fitn + cu, 4+ 1, =0

from the supposed integral
w(l,m, n,v,2,9,2) =0

shall cause the compatible equation
O(a,...,h 1, m,mn,vxy2)=0
to be satisfied without regard to the values of the differential coefficients of » of

* The explanations will be scen to apply, mutalis mutandis, to other cases of the second order, and
indeed to cases of any order, when compatible equations are known.
+ In the memoir cited in the introductory remarks.
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the second order. These conditions are the simultaneous partial differential equations
of the first order determining u.
Thus, dealing with the case of §11, when the compatible equations of the second

order are
20 — m — qn

CtSmgmh=—

a—2h+b=(y+2)0(x +27),
d—2gte=(y+ )b te)

we know that the first has nointermediary integral.  As vegardsan intermediary for
the second, substituting for a, b, ¢, from the derivatives of the wu-equation, the result

(ﬂ’_’f + ,ﬂ g+ :Z) — 9 — <_,_ﬁ 'W'f"l" 7{,,> N ( i z){)

Ui Uy

must, qud equation in f; g, k, be evanescent ; hence we find

Uy .

(w, + w)* =0, , = 0, — = (y4=2)0;

Uy on

that is, the equations for « are

u
on
ozz ou
oo =0
o ou i ou
on 87/ + (= m) ) om 0=

The system is a complete system ; hence it possesses four functionally independent
solutions,  Writing
—_ Q .
0 = g — 3912 + 3%102 — o>

these four solutions can be expressed in the form
z, &+ Y,
L= = (y 4 2) (g1, — 2915 + J22) = 0 + 9o

and another involving v, which would require either the arbitrary constant or the
arbitrary functional form to which the third would be equated. (The fourth is, in fact,
a primitive of the compatible equation under discussion, though it is not necessarily
the common primitive of the three simultaneous equations.) We thus infer that

L=—m— (y +2) (911 — 2912 + o) =91+ =P (x +y,72)

is an intermediary of the second of the equations.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 47
In a similar manner, by writing

(/’ =/i11 - 3f112 + 3/3:22 "‘féz»z,

1t can be shown that
[ —n—{(y-+z) (fn — 21 +fzz) - L+ /= X(z + x,y)

is an intermediary of the third of the equations. When the conditions of coexistence
of these two are assigned, they determine the arbitrary functions ¢ and x in the
forms :
= —J + /o X= =9 1 9;
so that we have
L=m=(y+2) (u—20+90) +9—0%—/i+/
l=n=(y+2(/u—Ye+l)+A-fi—+ 0

and the primitive can be obtained by the customary process, leading to the form

v=2f+20+(y+2) (/i —Sfo+ 91— %)

where = f (x + y,2) and g = g (x 4+ 2z, y) are arbitrary functions.

26. If one ov both of the equations compatible with the original equation were of
the third order, we should then seek an equation of the second order involving
one arbitrary function more than that equation of the third order; and we should
proceed in a manner similar to that of the preceding plan, the conditions of coexist-
ence of the different equations furnishing the means of identification or comparison
of the arbitrary functions that occur.

If there be no equation of the third order, we should similarly proceed to obtain
possible equations of the fourth order, if any; and so on with the orders in succession.
The method is one of general application if equations of any order compatible with
the original equation exist.

Secrion 1I1.
Equations having an irresoluble characteristic tnvariant.
27. The investigations contained in the preceding sections of this paper have
referred for the most part to those equations ‘
F(a, b, ¢, fy g, 0,0, m,n, v, 29 2 =0,
whose characteristic invariant |

R Y S U N
P +pga7z,+q ob _pag-qaf + e =0

is resoluble into equations that are linear in p and ¢. Those contained in the present
section refer to equations whose characteristic invariant is irresoluble.
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In the first section (§ 2), a generalisation of AmrirE’s method was dealt with very
briefly, partly because that method and Darpoux’s method apply most effectively
to equations in which (with few exceptions) the derivatives of the highest order
occur linearly ; and, of the two, it is DarsoUx’s method which can be more effectively
applied to other equations. The fact that the characteristic invariant was resoluble
proved of material importance in the general theory.

It is to be remarked, however, that some of the equations which oceur most
frequently in mathematical physics, for example

P v P

7 hY

wtapte=y

Pvy @ Qv O
2T T —F o

o v O o O

T T =

the latter two being, for purposes of application, made to depend upon the equation

M v
O 90 9 2
6@2+89+az°_ <

belong to the class which have their characteristic invariant not resoluble, and at the
same time are linear in the derivatives of the highest orders that occur. Accordingly
both Aupkre’s method and DarBoux’s method generalised can be applied to such
equations.
Moreover, the generalisation of Ampi:rE’s method can also be applied to equations
of the form
00

D | 00 | 08, 100
fo+Ay +By+C 1%

+Aae+Bb+Ce4-Ff4 Gy +HAE=T,

o8 . 08
TG, FHY

where
0=\|a b g,
h, b, f,

|
|
9 S

and the quantities 6, A, ..., H, A, ..., H,, U, do not involve derivatives of the
second order. For, when the equation is transformed by the relations of § 1, it takes
the form

J+el=0,

where I == 0 1s the characteristic equation ; in other words, taking account of I =0,
we must associate J = 0 with it as an equivalent to the postulated equation.
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28. We consequently begin with the generalisation of Amrire’s method, Let the
variables be changed from z, ¥, z, to @, ¥, u, where u is a function of «, y, 2, as yet
undetermined, so that z is a function of @, ¥, u, as yet also undetermined. With the
notation previously adopted, we have

F=ttw geEmtw f=al)
j"f: @ -+ gp, ;%f— =h+9e jff 9(5; L
Beih G=vea Serf |
%—9+0p, %=f+c% %20%,

and therefore, from the equations involving derivatives with regard to = and ¥ alone,
it follows that

dl dn dm dn
_ 2 s )
= g TP gy TP b dy qdz/ T
dn dn
g = da - PG f"" dg/_ —q%

dm dn 1

h_(—%— —-p@ + pye |
dl dn

= ('l; 10 + pge

l} ;
J

dm dn dl dn

s0 that we have

dw 'p@"@—‘(%j’

which is the condition in order that the necessary relation

Ao d (v
dy \ dz ) T de \ dy
be satisfied.
When the postulated equation of the second order is such that, on the substitution
of the foregoing values for @, b, f, ¢, b, it has a linear form in ¢, let it be
J 4 ¢l =o.
Suppose that the variable « (or z as a function of x, ¥y, ©) is determined so that

I=0,

which, after the carlier explanations, is the characteristic invariant; then we
have also :
J = 0.
VOL, CXCL—A. H
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The system of equations now is

I=0, J =0 B
|
dw__ydn b |
dx p dy ~ dy ? b
dv dv I
o= I 4 np, gy =™ + nq J

involving the quantities {, m, n, v, z, as functions of x and y. In all the derivatives
here contained, w is parametric ; and consequently all the constants that arise in the
integration are constants on this supposition : in other words, all of them are functions
of u. Consequently, when the integrals of the system are obtained, one constant (at
choice) can be taken to be u; all the other constants are then functions of w,
arbitrary so far as the system is concerned ; and any arbitrary function of  and y
that occurs is also (possibly) a function of w. In order to determine the limitations
on the arbitrary functions, the equation

dv dz

=
du du
must also be satisfied ; this equation will usually give relations among the arbitrary
functional forms, or will determine one of them.
29. The wrelations thus obtained constitute an wntegral of the equation. For
suppose that in the expression for v we consider u eliminated in favour of z ; then

iz

ov 0 ov [ 4 z
dv = ﬁj—d dx 4+ 55 dy + 55 <p dae + qdy + iZio clu).

But also
dv dv dv .
dv = e dx -+ 7y dy + P du,
whence '
dw ov dz
ov _ ov R
du, oz du
dv o o
(2l TR
dv o o
Ty T

and therefore, comparing these with the equatious of the system leading to the
integral form, it follows that

o O ov Jv
l = A~ W= 5 o= ~°
o oy oz

Next, take a quantity ¢ such that
dn dz

== C -
duw du
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 51
Since
dv dv dz
m=tE =y,

are satisfied by the integral relations, we have

(Za
du ( +n 20) d < }Z_z;>
and therefore
A dndz
du Py, du de du
1 . d% 1 1
the terms 1n T cancelling 5 consequently
g’é _ @ o dz dz_
du T \dz du ~
Similarly, from '
(L. WP
dy v+, an ="
we find
dm dz
=

the quantities g and f which occur here being those which formally occur in the
derivatives of 7, m, n, with regard to x and .
Again, we have

o o o dz
o 00+ 5, W+ g (P de + g dy + o du)

=dg§; =dl = —@ —|——CZ Y+ C%l;du,
whence
dl v dz
duw = 3}@ du’
dl o
dw 81:2 + P ovor
. ™ (o

dy ~ Qwoy gafva;';
and therefore, comparing with the former equations, we have

_ v } = il _ O
“Za "Ty 9T Lo

Similarly we find

v o™ o
= A f’: b = .
b= =55 T m

Now, when we take the combination
H 2
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52 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF
J 4+ el =0,

and eliminate the derivatives of [, m, n, with regard to = and 7, we have the original

equation
F =0,

or the original equation is satisfied in virtue of the integral system. But, from this
integral system, the value of v is such that

l,m,n:(ax 5 >

o o2 o2 o? o o2 >

a, b, c h =~ = = o
» b0, s 95 (0~ o 0P Sy Seod’ Qwoy

and therefore v is an integral of the partial differential equation. We consequently
have the theorem——

When an equation ¥ = 0 of the second order s transformed into J + ¢l = 0 by
means of the equations

_di dn N __dm dn 0.
C=G TP TPS b“dqudy_l“gt’
dn dn
9=, —PG J=g,
dm CZ1 7
h = Al —I— pge |
dl dn ’
=y = 0, 00 Jl
and when, in the integral equivalent of the simultaneous system
I=0 J=0 I
dm dn di ‘dn

4w Py, y  dy T

————

dv v
= =1+ np, 0y =M + ng )

all the arbitrary constants are made functions of a parameter u, and the arbitrary
Sunctions of = and y are also made functions of w, subject to the equation

dv dz

— =0
du du

(which, in fact, will generally determine either an arbitrary function or relations
among the arbitrary functions), then the value of v thus oblained is an integral of the
ortginal equation F = 0.

30. The integration of the equation F == 0 is thus made to depend upon the
integration of a simultaneous system involving fewer independent variables, and
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 53

upon the subsequent determination of the arbitrary functions in the integral equiva-
lent of the system. A question therefore arises as to how an integral equivalent
can be obtained. At first sight it seems that, as the number of equations (being
five) is equal to the number of unknowns (7, m, n, v, z) to be determined, HAMBURGER’S
method® might be applied to our special instance, though not when the number of
independent variables in the original equation is more than three. But, as a matter
of fact, one of the equations of the system is a functional consequence of two others ;
viz., the equation

dm dn _ dl dn
ar P dy —dy ~ ?da

is a functional consequence of
dv dv . _

It thus follows that there are only four equations independent of one another
involving the five variables ; consequently HAMBURGER'S method does not apply. On
the other hand, the inference is that, as the equations are fewer in number by unity
than the number of variables to be determined, one arbitrary element must exist
in any general integral equivalent. This arbitrary element and other arbitrary
functional forms, by the foregoing theory, are determined by means of the equation

dv dz

;l"; ="n C‘Z; »
so far as they can be made determinate.

It is therefore necessary to seek for some integral combination of the subsidiary
system, apparently without at present having any perfectly general process of
constructing such a solution. It may, however, be pointed out that, as there are
four independent equations involving five quantities, they can be used to determine
four of them in terms of the remaining one or, more symmetrically when this is
possible, to express all five of them in terms of some variable. When such expres-
sions have been obtained, they are to be substituted in

dv dz

dw = "
the full solution of the resulting form of which equation will then serve to determine
the quantities. ‘

We proceed to consider one or two examples in connection with the foregoing
theory and explanations, dealing particularly with well-known equations.

* Crente, t. Ixxxi. (1876), pp. 243-281; ib., t. xciii. (1882), pp. 188-214, the number of indepen-
dent variables being two, and the number of equations being equal to the number of dependent
variables.
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54 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

Applecation to Vv = 0.

31. When the method is applied to the potential equation, which is
a+b4c=0 ’

with the present notation, the substitution of values (say of @ and b) is required to
lead to a result evanescent so far as the determination of coefficients of the second
order is concerned. The substitution gives

dl dn am dn

“L ) 2 —
dw pdm_l—d;?/ q(ly+c(p+9+l)wo

so that we must have

r+¢+1=0,
dl dn dm dan
(?o;‘_p@; }@—9@=

.
3

and the differentiations with regard to « and to ¥ in these relations are effected on
the supposition that the unexpressed variable u is constant.
The subsidiary simultaneous system thus is

P+ E+1=0 B

%—p%+ﬁ—j—q%=0

AR A b
%=l+np
%:m—l—ng ]

When HAMBURGER'S method, as expounded in the second of his memoirs already
quoted (§30), is applied to this system, it is found that the algebraical equations for
the determination of the subsidiary multipliers are inconsistent with one another
unless all the multipliers are zero ; there is then a null result. Accordingly integrable
combinations must be obtained otherwise.

Now the general solution of the equation

PP+e¢+1=0
is given by
p = constant, q = constant,

z — px — qy = constant,
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DIFFERENTIAL KEQUATIONS OF THE SECOND ORDER. 55
these constants occurring in association with # constant. We may, therefore, assume
2= ap () + yq (u),
where p and ¢ are arbitrary functions of u, subject solely to the condition

PP+ ¢+ 1=0.

Because the differentiations with regard to @ and to y are effected on the hypothesis
that » is constant, the other equation can be taken in the form

4 1 & =0

=)+ (m— ng) =0,

so that a function ¢ of « and y (and possibly also involving u) exists such that

_ d& _ _ d&
Moreover, we have

d d
Z+np=;z—z—, m -+ ng = Gy

C—l_z; ]
consequently Z "
dv |«
2l = do V dy’
2m = do _ ¢ )
dy dw
_dv _de i
p =g, dy’ g = dy U oda

From the last two equations, it follows that

(Do dEN (T 9B
g(clw _(lg/>__p<clg/+dx>’

d d
(v = p&) =5 (pv + gé).

and thence that

Consequently a function w of & and y (and possibly also involving u) exists such
that

: dw
Pt gE= =y
" )¢ = dw
9 pPs= dy ’

whence

dw daw

dw dw
§=0 g =Py,
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Substituting these values, we have

9l = Y dw e
2 = Pyp + 29 dxz dy P diy?
dPw dPw P
<) — s (] e [y 7% R, N o
2= —q da? +2p da dy g dyp [
dPw d*w
2n = da? + dy®

Thus far account of variations with regard to « and to y has been taken. But,
as regards variations of u, we have
dv dz

== 1 —
du dw’

d daw daw dPw d*w
2?ﬁ,<pdm + qcly) —A<:Zwo‘3 + (7372)’

where A denotes 1 + ap’ + y¢'. This is the equation of limitation upon the form
of w; if its general integral were known, the general value of v could be deduced.

that 1s,

2. Before proceeding with the consideration of this result, it is worth noting the
relation of the equations
g dE

I —np= Jy—’ M= g =

to the original equation. Because

z == - xp -+ yq,
it follows that

where A denotes
L4 wp + vy,

so that f
, i3 o
l — ) =2 — () =——
p dy “+ g % |\
M= N == == e P
ar 3 J
when in € substitution for » is made in terms of «, ¥, 2. From the former we have
cu *E OE cE, du
;Y 5 ’
== gp —np == an s i g A
gP=m g, = ey Tl T T o

0

, O RE OE oF , Ou
g —op—np = Qo +q 5 :

FER
and from the latter
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 57
oo _ v BE 0
b—f1—mnq d — woy _108]/82 —& P oy’
. , Ou ¢ - 0 ,Ou
S mn = e Tl e T Pa

Multiplying the second of these equations by p, the fourth by ¢, and then adding ail
four, the function £ is eliminated, and we have

a+b4c=0.

33. Again, the general theory in a preceding Section (see particularly § 4)
immediately suggests that » occurs as an argument of an arbitrary function. This
being so, let the. variables be considered as transformed to x, ¥, u, where » now is
known, and effect the transformation directly upon the equation

a+b4+c=0.

We have, for any function P,

oP oP oP
P da + 3 dy + o dz = dP
apr dap ap
= doc-[—(jz;dy —{-%du
dp ar ,  dP 1

— —=(dz — pdx — qdy),

dz “* ;/—7} W A
so that

ox ~ dz A du’
o _d g9 d
oy~ dy A du’

o d p d

9 _ 1 d,
o A du
We thus have

oty dw p dw P v dv 2pp’ . pP? " "
o de C A dedw + A du? T du {— AP + A3 (@p” + y¢") }’
o dw g dw @ dw v 2qq¢’ ¢ ,, ”
of T Ay T T Adydu T Adw® T du {— NN (2p” + g )}’
v » 1 d%w dv 1 7 7
o = e~ o | w0

whence, adding and remembering that ¢ 4 b 4 ¢ == 0, it follows that

Do P 2 (0 A CZQ?{,.> —
do? ' odyt A P pan T 1 dydu) —

VOL. CXCI.—A. I

/
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It is immediately obvious that one solution of this equation (and therefore of the
original equation) is gwen by equating v to any arbitrary function of u, a result that
admits of sunple verification.*

34. But it is not at first sight clear how this solution connects itself with the
general solution indicated in § 81 ; the connection can be made as follows.

The general value of v is .
diw
+q ay

» = dw
P dz
if this is to be an arbitrary function of w, say f(u), as for the solution under considera-

tion, we must have
dw

~f(7)

_ P dx (h/
and consequently

w= " f (W) + G (@ pe o+ q'y),

where, so far as concerns this relation, G is any arbitrary function of both its argu-
ments. Writing ‘

ap’ +yq =,
this is .
&€
o= f ) + G (1 7).
so that '
Pw PG
d? =P on?’
dw o ,aff}
dwdy P4y
Pw o'? 8_79“
d?/sz =q an2
Now ‘

PP+ F+1=0,

* This result was published in the ‘Messenger of Mathematics,” vol. xxvii. (1898), pp. 99-118, in a
short paper entitled ““New Solutions of some of the Partial Differential Equations of Mathematical
Physics.” The form was altered from that in the text, so that it might be symmetric in the variables,
and the theorem was given as follows :—

If p, q, v, be three arbitrary funciions of w such that

P g+ =0,
and if w be delermined as a function of , y, z, by the equation
au:q‘/p+yg+m,
where a is any constant, also if v denote any arbitrary function of u, then v satisfies LAPLACE'S equation

V3 == 0,
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 59
so that o N
P+ 99 =0,
say
:%_J?zg;
and so
1 dw l_ w1 dw i IG
¢ dat T pg duody — p* dif o
Consequently
o= B0 4 g, P B0 OO
=P L dy dy? o’
"\ZG
2m = qﬁz‘%;{ ,
oG
21 == =— (93 R
. on?
Now we should have
dv cl,4
du clu (1 + 7]) s

that is, ‘
F =16 04 Gy

from which the form of G is given by
.
G = A (u)+ 7B (v) — 5" (@) [(1 + ») {log (L 4+ 9) — 13],

A and B being arbitrary functions.
The form of G is, however, not so important for the present purpose as is the value
of ?G/om>. We deduce -

ezaG__ f,(u)
l+7]
and consequently S
Lot e S
P a Lt op +yg”

being the proper values of /, m, n, as given by

v=f(u)
z=u -+ ap -+ yq '

The particular solution is thus seen to be mcluded in the general solution defined
by the equations of §31.

85. It is worth inquiring whether, in the notation of the preceding articles, there
is any solution of the potential equation which is a function of » and % alone, say

w=T (4, n),
I 2
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other than the solution » = function of % alone. When the variables are taken to
be , y, ©, the equation to be satisfied by v is

dw v 2 [ dv _ﬁ_’f’i’__) —
da? + dyt A ( dedu T (jdg/ du) 0,
where
A=1+4ap +yy =1+
Now

(P +qd7>n=pp’+qq’:0,

so that, as

dv _ OF y N
dn = + (2p” + yq ) 5
we have
d*v d*v i 7 — 9 0 @E . 2aF .
flmcl2&+(lclyclzo (pp +{IQ')an = — (p?+q )377 =0 o
also
g, B Y
az — P o’ Pl o’
o Po o OF
dy ~ 157 dp = 1 o

and therefore

Hence the equation becomes

and therefore

where ¢ and ¢ are arbitrary functions, We thus have the theorem®—

* This result can also be expressed in the form symmetrical as regards the three variables. When
thus modified, we have the theorem-—
If p, q, v, be three arbitrary functions of w such that

P @+ =0,
and if u be determined as o function of @, 7y, 2, by the equation
aw = xp + yq + ar,
a —ap —yqg — zr
where ¥ and G are arbitrary functions, v satisfies LAPLACE'S equation
V2 = 0.

This theorem also was stated in the paper referred to (§ 33, note).

where a is any constant, then, writing

v =

i+ F (u),
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 61
If p (w) and q (u) denote any functions of u satisfying the equation
FAE+1=0,
and if w be defined by the equation
o= u o ap (1) + 9 (1),

¥ ()
Lt ap’ () + yg' ()’

then

= ¢ () +

where ¢ and § are arbitrary functions, satisfies LAPLACE'S equation
V2 = 0,

86. The solution just obtained can, like the solution of § 33, be connected with
the general solution. Owing to the linear form of all the equations and of the
expression for u, it will be sufficient, in the first instance, to take the part

say ; because the term ¢ () in v is, in effect, identified by the preceding case. We

thus must have
CCTP . 4
Pg, T4 dy 1+

the most general solution of which is

v
1+n20

+ H (v, 7),

where, so far as concerns this relation, H is any arbitrary function of both its
arguments. We have

Pu_ 2y, % ™, PR
da? L4+ p T A+n) p o’
dw 1 ¢ 20 Py , , H
dxdy'_—(1+n)229+(1+n)5*29 TP G
d?w 22 ’H
dy* I+ p +q° op’

and therefore, after some simple reductions on substituting in the expressions of § 81,
we have

gy 2T w
| = %62 o + T 77)3 024}
_ PH @ 1 ‘\[r
m’—’ﬁeq o +(1 3 ) ——‘!’ (1 + 7y >
_*H @ v 1 (p[/‘
— e 1R 2 7
i Y A A
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But
vty =t
so that | | . y " ' |
wlp et ag) = = o e )

and then. as

‘ 4 T &l P \
L1 od 5 dw | LR W w)
1 T \P T, e\ g2 T8 e )0
1+ 9 du dx dy dax dy®

we have
W O'H @ R Y

— ’\![‘ .‘"f/ | ;l —_— l‘ 2 . _— E
A+ 1+ (@p" +yq") = — 30 (1 + 77)3& p (A+g)? op?

an équation to determine H. _
© Substituting the value of 0*H/on? in the above expressions for 7, m, n, we find

. 1 | 1 1 A
e A RN T PN /"
i i s T A (0 + 9y (" + yq") pi

A

i 1 1
o . T . " "
m 1+ 9P av 1+ 9)? 'R (1 + )3 (90[) + yq )le ’

! ! 1 1 ”
7 = a“ma ] | . e (T:;ﬁ* (ep” 4 yg") ¢ )

which are the proper values of 7, m, n, ag given by

. b
» = qrgu) o
* 1+9f;29+%2”L,

2=~k 2p - yg

The value of H is not required for the preceding investigation; but it can be
actually deduced from the preceding equation. We have

12 122 g,l 7 1 QU {E 1IN /r s
w>+w=:y@~mﬂ+w=ryn+?@9mqpx

also
1o 7N ] 12 ’ 17 2 - 71 " "
pq“qp:*ghmppmquzﬂfﬂw-+w)
A S N
Up+q) S
g0 that
; N N N A 32_/ I (ﬁi
P =)= P =

Thus the equation for H becomes

v _ (L 62 ,‘L> B P OH e Py L Y
(L -+ 9)? ({/ n+ p) A+ )P *Top (4P op A+ p°
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the term involving @ explicitly vanishes, as it should, and therefore we have

=T T e A
. =l a6 ""}
H(s,7)= g,aﬁ¢+n8(u>+A<u>+z-—»‘ﬁ——-l"-—-?[<1+n) flog (1 + 7) — 111

the explicit value of H, where A and B are arbitrary functions; and thus the value
of w is known. But, as a]ready remarked, the value of 9°H/d%? is sufficient for the
identification of the solution. o -

37. After the preceding investigation, it is natural to inquire whether a solution
more general than that which is expressible in terms of u and =, and the form of
which has been suggested by the themy, can be obtained duect]y from the original
differential equation.

‘When the variables are taken to be 2, v, u, Where ,

z=56p+yq+u"1.5
- 0'—"_:}92+g2'+1 f

p and ¢ being functions of u, the equation @ 4 b -+ ¢ = 0 becomes

A T dyp 149

d*v d* 2 < d CdM ) .
H

P a1

de du, dydu)

where
n=ap +yq
Let { be defined by the equation o
=ty
so that u, m, {, are three variables functlonaﬂy eqmmlent to x, Y, z; and let us
inquire what solutions of the form o

v.=F (u,‘ 7, C) |

_are possessed by the foregoing equation. We have

P,‘ — 99, » ‘ Q’ = —29(9 ]
P’ = qt — p&, = —pl =P,
Ap;// —_ 96” — 31000’ — (193’ q/// __: -mJOG” ?qag +]3au .

so that
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P+ q’ = — &,
—2)’29’/ + gq —_ 06/;

P4 ¢ = -0 — 0,
pp” 499" =0,
72)29!// + qqn/ — 390/7

quantities which occur in the substitution. Now

T ot P 'gf ’
Po_ n T o PT O
3 =P g TP G TP g
similarly 8 .
‘ dz’l’ 19 ’ // T 13 __E
and therefore N N
(T SV
wi = — Py — 200 (0% 4+ 0 )859
Again,
< du + ¢ d/) n=70
(2 d%+qu>C P’ + 99" =0,
so that, as
(”Z'l’ " 1"
du 81/ + § + (@p™ + yq )aé,’
we have ) .
P P JOF o OF
dz du + ¢ dg/(lu au 8§ + 0 + 0 Ca

+ (ppl// + qqlll) + 6’) (%]3/71 + JQ’I”) agg

‘Taking account of the values of 9 and , it is not difficult to prove that

02 (2p" + yg") = 5 (00" — 307 — 6%) + (300 ;

consequently
™ d*v F R JoF
Pt du + 9 dy du {au aé’ + Zanaé‘ on }

+ 300 % 5 (007 = 50° — 0% + 300 %

and the equation satisfied by F becomes

F 9° oF 02 OF 09’ OF
92'@‘7;5*‘ <5n+5%a§)+2<90+ §>5ﬂ3é‘+61+ o
OF

+ 1 107+ 0+ (2007 — 507 — 07) + 608} 55 = 0.
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DIFFERENTTAL EQUATIONS OF THE SECOND ORDER. 65

We can at once infer the result of § 35 as to the solutions which, being of the
suggested form, explicitly involve u and » only; but other solutions in a finite form
do not suggest themselves,

38. It need only be remarked that, with the slightest change of notation, all the
preceding results can be associated also with the equation

(o n o o O
ox* ' oyt o

where ¢ is a constant.

Application to Vv + *v = 0.

39. Consider next, but more briefly, the equation
Vi 4 k0 = 0,
where « is a constant ; in our notation, it may be written

a+b-4c+ kv=0.
The characteristic invariant equation is
I=p"4+¢*+1=0,

the same as for V?» = 0. Substituting for @ and b their values as given in § 1, it is
seen that, on account of the characteristic equation, the term in ¢ disappears from

the result ; and we have
dl dn | dm dn

ey am e %y ==
=u P dy q(lg/ oo =0.

dm dn __ dl dn
d p dy ~ dy da

-

dv v
=1 4 np, by = m 4 ng

the third of which is an analytical consequence of the fourth and the fifth. Asin
the preceding example, the general solution of I =0 is

z=u + xp (v) + yg (u),
where p and ¢q are functions subject to the relation
PP+ {g@)PF+1=0;

and in the subsidiary system the differentiations with regard to « and y are partial
VOL. CXCL—A., K
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66 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF

on the supposition that w is the third variable: that is, in these partial differentia-
tions in the subsidiary system, « does not vary. Consequently J == 0 is expressible
in the form

d d

L LA % () -

0= a0+ 4 =)+ =0

and therefore

>, G )= P e )
3 (Z — np) - 0 rZy (m —ng) = —« o = K (I + np) |>
g v ’
(//' dy ( - ) + (m - 727) (ZZ/ = = (97?, -+ 77'(1)' JI
so that
G ) *(_Zf__ - o T 9 W
<(fo3 Tx ) I+ doe dy m= <3 da? +a; (/a (ZJ px > n

@? a? @* d? r
. — 2 — (4} e [
de (lyl + <(Zy-‘l + > = <P d dy T day® a >n j

Operate on the first equation with d%/dy® 4+ «% on the second with d?/dz dy, and
subtract ; then, dividing by «°, we have

&P AVES &? &? o
<r/:r;~' da? + )Z <23 di? +2 q(h t??/ —P (7}/5 — px )n

Similarly, operating on the first equation with d*/dx dy, on the second with
?/dx® 4 1% subtracting, and dividing by KQ, we have

d? d? a2

<(7;4 + A + B >m — \__ g _Z..): 42 7 (ZAIM ‘(7J -+ 9 55 0y - (ZK9> Ny,

It therefore follows that some function w of x, %, and v exists such that

d*w dw P =
l=p—+ 29— — p— D
P g 29 dz rh/ p dy? —pret
(72w P
N T e e 0 DT g2 .
1 da? +2p, (7%((/ T4 dy? qrew &
Bw | dw R
= K0
dat dy? y

but, so far as the subsidiary system is concerned, w is perfectly arbitrary—a result in
accordance with the general explanation of § 30, there being only four functionally
independent equations for the preliminary determination of five quantities. Also

3w P dw

L+ np =2 (29 s + ¢ du (Z@) T e’
d?w dPp’ dw

1. 4 —_— — - —— ;
e g = 2(20(27 (ZJ+ Q(ZJ )..,... dy
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 67
hence
= P w ](Zg/' ’

no arbitrary function of » needing to be added, for it can be considered as accounted
for in the arbitrary function w.

But now, regarding variations of u, we must have the equation

dwv z
— =N
du du

satistied ; that is, the function w must satisfy the equation

o ¢ (}9 dw g c_lw) —A <g3_w AP T K2w> ,

au\E de dy da? dy®

AN

where A denotes 1 4+ xp” + y¢'. As in the former example, this equation imposes
the limitation upon the arbitrariness of w; when its general integral is known, the
most general value of v can be deduced.

40. It is an inference from the general theory that the quantity v, determined as
a function of @, v, 2, by the equations

0=1+4 {pW)}*+ {q()}
u + xp (u) + yq (v)

z

Il

is an argument of the arbitrary functions that occur in the solution of the equation
V3% + kv = 0. We therefore transform the variables from =, v, 2, to «; v, u, where
w now is known ; and the result, obtained by analysis similar to that in § 33, is

v dPo 2 d d*v
U I O N
+ Iy* T v A (]0 do du + chydu) 0

Manifestly a function of u alone is not a solution of this equation; but, on the
analogy of § 35, we are led to consider what solutions (if any) of the form

1;‘: F(u, )

are possessed by the equation,  having its former value 2p’ + y¢’.  When this value
is substituted, the equation takes the form

— _—) PR —
) o 15 7o + *F 0,
where
— -__nj)’iz + Ql”)
Hence i '
ot S K, -
ap (L ME =g (L4 0) F,
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68 PROFESSOR A. R, FORSYTIL ON THE INTEGRATION OF
so that, as 0 1s a function of u only, we have
(14+n)F=Act" -+ Be ¢ "

where A and B are independent of %, that is, are arbitrary functions of . We thus
liave the theorem™-—
If p (u) and q (u) denote any functions of w satisfying the equation

PP+ 1=,
and if uw be defined as a function of w, y, z, by the equation
o= ut ap () + g ()

also of" v denote
b () oixlep Tya) (0 + gyt 4 A (w) ¢ it + i) 07 4 Vo

2

1+ ap' + y¢
b and s bevng arbitrary functions of w, then v satusfics the equation
Vo < kv = 0.

The connection between this solution and the general solution indicated in § 39
can be established ag in the corresponding case of the potential equation (§§ 84, 36).

aa )
Co v O dv
Application to ~ + 5+ = p 4.
Pp ' Do 1 o B o
41, The preceding examples have led, in each case, to a solution which (though
not the most general) was expressible in a finite form. We now take one other
example, viz.,

7£+b+(/:: P

which can be regarded as the equation for the vaviable conduction of heat in two

# This result can also be expressed (see the paper already quoted, § 33, note) in & form symmetrical
as regards the three variables, as fellows :—
If p, q, 7, be thiee arbitrary functions of w such that
{p (W +{g WP + {r (W)} =0,
and if w be determined as a function of @, y, #, by the equation
av = wp (u) + yq (u) -+ ar (u),
« being any constant, also if v denote

\ -3
o (w) eixlon’ + g’ + ) (PR + o2 PETE e e () e el ) (pF P 4

H
a — ap — yq — '

where ¢ and Ve denole arbilrary functions of w, then v salisfics the cquation

Ve + k% == 0,
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 69

dimensions ; it will be seen that the general solution is not expressible in a finite
form
The characteristic equation is
¢* -+ 1 =0,

say ¢ = — ¢; and then u is determined by
24wy = ap (u) + v,

where p (v) is arbitrary. The subsidiary system is

(/m tlu, W
v __ [+ dv _ R [r .
dw ~ P dy — K ! J

We casily find

and so we have

V= 2 du w )
- (ly vp
= d?w {@_
b= dy? Y i ]
_g P e de
MEY g T dy Y
d*w d?w
l = Z M Py
do dy diy? J

where w is an avbitrary funetion of x, , and u.  But we also must have the equation

rr )) (,’Z,'J

u’u d

satistied ; that is, we must satisty the equation

dPw dw

) (- ’ d*w dw
2 dyd%—ypm“ 'yw]o *Z{L -l—-xp (u)} {rlf +')' }

If a general value of w can be deduced, then the general value of v could be
constructed, and conversely.
42. Taking z 4+ @y = s, » — iy = &, the equation can be written in the form

ov

Sty g =0
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70 PROFESSOR A. R. FORSYTH ON THE INTEGRATION OF
a solution of which is given by

210 1622 - aA R
p=F (s s ) p— w QL, ] [6‘L _J _O_,b s
’ dsos’ T o 20 0st0sr C

where I is any arbitrary function of s and . Now the solution, which appeuars to
be most frequently useful, of the original equation is obtained by taking
P = V@""‘"’,

where p is constant, and V is independent of w. In this case,

ov
,a;;, — o~ V ew,ua:;
and the equation for V is
o 1
ey = FveY

To identify the two forms, we must have

, 4 oK a® [ 4\ o
F (s, ) = o s+ >

= Ve #¢

=V —upV 4+ o p’ V-

V="F(s,¥) ]
o (A el
I V - K'Y/ Cs aé./nJ

cousequently

for all values of n. All the conditions are satisfied in virtue of

oV )
oy = 7Y

and cousequently the more general solution above obtained includes the less general
solution customarily used when the arbitrariness of I is made subject to the equation

P .
P R

This equation is of Larrace’s linear form with equal invariants, which, moreover,
are constants ; hence the whole series*® of derived invariants is unlimited in number,
and the number of derivatives of an avrbitrary function of s and the number of deri-
vatives of an arbitrary function of s, that occur in the most general solution, are
untimited i each case : that is, the solution is not expressible in finite terms.

* Darsouy, ¢ Théorie Générale des Surfaces,” t. ii.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 71
43. To see how this solution is included in the general solution of § 41, it is neces-

sary to determine a function w such that

Ldw R ' ’
2?/ _(,h/ — ,y??l[) =Y =c y 05 8s F (S’ S ) o (I) (8, S ),

say. Now, for the derivatives with regard to ¥, s is parametric, being zp + % ; and
§" = s — 21y. We thus find on integration

ey = ¢ (, 1) + 51;0.7_(6%’1’” D (s, s — 2uy) dy,

¢ being arbitrary, and s parametric in the integral. Evaluating the integral through
integration by parts, and dividing by the exponential factor on the left-hand side, we
find

w=ctmpmn) = o0+ 5 (L Fe i)
PR (Lo

(y‘p n=0 'yp/

say, so that w, is expressed in terms of z, ¥, u, and w, in terms of s, ', x.
Denoting derivatives of w, with regard to s, &', «, by 8/3s, §/8s, &/8x, respectively,

we have
d "8 o B} b S 4 &
sErlsta)te=rlate) - e

this last change arising from the fact that every term in w, satisfies the transformed
equation because ® satisfies it ;

d 5 ) )
r[g/ =—Zig 8¢’ (/u = (1 +ap )< + :3?) ’
Consequently
dwy, 8w, dwy, 4 Sw,
dr TP +p & T g 8585
s, . Oy
(Zj/ = — 2 &T, 9
Py 4T
dy? os® 7’
(dwy . Sw, . 8w, 8i  &w,
da (7[1/ p Ss Os’ - S5s'? + ¥ Os 8™
Further,
Doy Dy T Ay
dy? + Ve = ¢ (7 aw &P ¢)> )
so that


http://rsta.royalsocietypublishing.org/

JA

(3

A

|

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

ya

A

/

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

72 PROFESSOR A. R. FORSYTH ON THR INTEGRATION OF
e e
= dy? da
— ;—W)J d¢ 1,22 o101 8"""-'3 ‘,Sff”?, 8hwy
= <7 de Pe) 44 05" =P O3 Yp s + 4 Os 8
—lvr [ dd ) ) Oty
= ¢ (_'Y g Y 7)295» (39 + g> <7_‘23“’;3 —4 ’5;3;,) -
But
4 Sw, 1
20’) —— et .,,.l,j,;, —— (b :
Tooap & p

and therefore
-~ Liypy (Zd) o o \ 8
—n=c <7 i A ) — ( s F s

Now we must have

o,
. du ., du
that is,
.~ /oD B
(1 + ap) <§§+-~>~— (1 + ap') n,
and g0

3 b
7 = <§§‘ -+' 8;7) D,

But, becanse v = @, s = 2 4 17, s = z ~- 17, we have

av 3 ) )

e | P =0

0z e + 8, ’

that is, the foregoing value of # is the z-derivative of ». Further, comparing the two
values of 7, we find

d¢
Y, =P =0,

dx
whence

¢ = e A (),

A being an arbitrary function; hence

VP o ds™ ?

1 = 4 \# g
W == eivp (pr=2i) A (’il;) —_— s <___)> E{}_)
Vi

the explicit value of w.
Next, for the value of [, we have

Py . dPw, d [/ dw o iy
p dy? do dy — dy \2 day + 2 da ) =0

from the value of w, just obtained ; and
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 73
(l w, . dPw, &%y Shw, oMy, 16 8w,
(/J~ + 2 //t)/ (/J = =4 Sy + 4P 85 &' +dp 8;’5 - ryW—S:&s
RN SR NI
AV R VR
& b
T e o
1 b
= e
Honce d*w d*w 4 0P ad) o
b=p .(Ziz/ﬂ + 2 d (Z;/} = ¥ 5585w e’

or the value of / is the x-derivative of v.

Similarly for the value of m. The solution is thus seen to be included in the form
given in § 41 ; moreover, the value of w obtained in the preceding investigation is a
solution of the equation there required to be satisfied.

44. It has been seen (§ 27) that the equations to which the method involving
derivatives of », [, m, n, alone can be applied—which method has been indicated as
the generalisation of AMPERE'S for the case of two independent variables-—belong to
a distinctly limited class. Moreover, even for equations in this class, it may happen
that an integrable combination of the subsidiary system cannot be constructed, or
that the quasi-general process sketched in § 28 is not effective. Consequently it
becomes necessary to have some other method ; and this is provided by what has been
indicated as the generalisation of DaArBoux’s method for the case of two independent
variables.

In the discussion, we shall consider only the case when it proves necessary to
construct the first devivatives of an equation F = 0; but the explanations apply,
mutatis mutandis, to other cases when second derivatives of F = 0 and derivatives
of higher orders should be constructed. Examples of the latter cases, when the
characteristic invariant is resoluble, have already been given in Section II.

45, The original equation is

¥a, b,¢, ;9 0, 1, m, n, v, x,9,2)=0.
The characteristic invariant is
Ap* + Hpg + By* — Gp — Fg + C = 0,

and it is supposed to be irreducible. The subsidiary equations are

da P dy N dh— dy Ay oy
KA =) iy 4By =)+ Ty =)
‘dh df iy 10 / Jdf e
Y +A<"_“1 —>+H< I p%}'“ <Zi:/ _1iz//)+ (’525/5‘}‘ FE/{":O 0
. dyg de daf de (df de (7o de l
Z+ A (\(Zx b da;) +H <(7} -Pr (Zg./) + b((?)/ (/J/ + G dz dy = OJ

VOL. CXCL—A. L
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and equations of definition and derivation are

=\

dv dv i e
=/ NP —— v 1
e + y g aw ="
dl dl . ol iz
7 O = ( Ly e
du +ap, dy bt g dw =Y
din m % 7 / l> '
/, , . d \ ' L dz
dn het 1, _(E/ =0+ Jy dw T dw
an dn dn dz
e I (] cp L : T
dav Y + @ dy S+ b i Ny

So far as concerns derivatives with regard to x and v, there appear to be twelve
equations, viz., the characteristic invariant, the three subsidiary equations deduced
by taking

DR DE_ o DE_
D ’ Dy ’ Dz ’
and the eight equations of definition and derivation ; and the number of quantities
to be obtained from the subsidiary system is eleven, viz., @, b, ¢, f; ¢, I, I, m, n, v, 2.
On the other hand, F = 0 is an integral of the system, and it is a persistent relation ;
consequently one of the set of three equations can be regarded as depending on the
other two. Again, from the equations

dv v
— == ] np e =2 0 e T
L=l _
we have
dl dn dan, i

D5 = S A
dy ! dy dx e’

identically satisfied in virtue of the values of dl/dy, dm/dx, dn/dx, dnjdy, given by
the other equations of the set of eight; hence one of these can be regarded as
dependent functionally on the rest, and the set of eight are therefore equivalent to
seven only.

The whole set of equations in the subsidiary system, involving derivatives with
regard to x and v, thus contains ten independent equations; and eleven quantities
ave to be obtained. Hence it may be possible to express ten of these in terms of
one of them, or to express the whole eleven in terms of a single new quantity,
arbitrary so far as the set is concerned ; its arbitrariness will then be limited so that
it shall satisfy the subsidiary equations involving derivatives with regard to w.

46. The wvelations thus obtained, as satistying all the subsidiary equations, con-
stitute an wntegral of the equation.

This result is established by an argument similar to that in § 29 for the case when
the subsidiary system is simpler ; accordingly here it will not he repeated.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 75

Application to Vv = 0.

47. The investigations as to the potential equation, given in § 81, did not require
the consideration of derivatives of @, D, ¢, f, g, b ; but the example can be used to
indicate the method of procesding when such derivatives must be taken into account,
as in the preceding theory.

For the equation
a+b+c¢c=0,

the special subsidiary equations involving derivatives of @, b, ¢, with regard to
x and 7, are

da dy ah dy 3

;[x—pzjzi;+(oJ (](Zy_'o

dh daf db df .

dz P u dy — ¢ dy — &

Y e e

de Py dy — 1 dy = 7
the characteristic equation is

PP+ 1=0;

and the relations of identity are

det (Zf/ dh dy h

iy P dy T g T 0

dh d f b daf

«/1/+]? dy T dx _(Z(Zx =0 p

dy ar df de

dy +r dy ~ dw 0., = 0 b

But the latter can be replaced by the equations of definition, viz.,

dl dl dl dz )
=t g =htee =9y,
dm dm dm dz
dw = h +/p, dy b+ /1, du Y du ;o
(Z/L dn dn dz
w = 9 D dy =f+ g, dw —  du
together with
v v dv dz
o= I+ np, Gy =" + ngq, oy =

it is, indeed, from the first two columns of these equations of definition that the
relations of identity are deduced.
L2
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76 PROTESSOR A. R. FORSYTH ON THE INTEGRATION OF

In the subsidiary equations and in the relations of identity, the derivatives with
regard to « and y are framed on the supposition that u is constant. Now the
complete solution of

P4+ 1=0
is given, by CHARPITS process, in the form
p == constant, q = constant, z = pr — qy = constant.
But these constants arise when « is constant ; hence we may take
B P Y =
where p = p (v) and ¢ = ¢ (1) are arbitrary functions of u subject to the condition
PPt 4+ 1=0.

From the first of the three subsidiary equations, remembering that p and ¢ are
now constant so far as concerns derivatives with regard to « and v, we have

d

o
da

(@—=pg)+,, (h—aq9) =0,

so that some funetion w of @, ¥, u, exists such that

=2 } =
o= y , P = o
Also we have 7
(Zl (Zl
a+py= ;> b4 qg = E
so that
9y — dw - dl
= oy de
of = — M
“= dz ([7/ ’
dw dl ]
29 ==y, |
o0 = o
ng o dx (Zy J

From the last we have
dw dl 3 ( dw dl
P (ﬁl + dy) @ dy + Gy

\
that is, |
‘ « ‘ X
Az (pw -~ ql) + y (pl + quw) =0,

so that some function @ of «, y, 1, exists such that
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g dé
pw — ql = iy qw 4 pl = — o
or
a6 6
"= ‘-M +a5, P=q gt

Substituting these values above, we find

20 = {2? P = PI} ’ (7(5/ \)W") |
2h :f:< 9 Ps (JI(/, (/1
29 = (1,01 ] 5 )6
z—(p 05w

0 denoting an arbitrary function of @, v, u

'

The second of the three subsidiary equations similarly gives

2h—<p, 9 — p}[;g (,y>
2b = < LD II A’ (/7/>
I
Zf <1 0,1 (/.” (]:I/>
A (l
(]7 dr’ /_h;>x J

x denoting an arbitrary function of @, y, »; and the third of the subsidiary equations

gives

d a\e )

= <P ® PI[ ’ z;) 4

v 4]
f_._ — P d{u’(ly)tl}
o

¢ = <1 0, 1}((& d7/>

= <]9, QI((./ r/z/) J

s denoting an arbitrary function.

These three arbitrary functions are not mdependcnt of one another. Comparing
the two values of 2f, 2¢, 27, respectively which have been obtained, we see that some
function ¢ of @, y, v, exists such that
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\]_9, &=p Id; ;77/>
/ o il
X= ( P A’ rl7/> (/

' d A\ 9
—(1"0’ 11}7:; )t

manifestly ¢ is an arbitrary function of , ¥, w.
To deduce the value of v so far as concerns variations of « and ¥, we have

D
il

(s

(777
i
d d
= < ’ dn’ dv/> 0+ py)
_ d i (224) CZ"gb
=2 <Z? dz +q (ly) ( da? + g T i (71>
and
dv
by = m -+ ng
. d >
L Az (71/ (X + (NI)
— ol RSN S AW
=2 (]O A +q 1‘27/> K]O da dy 7, dyp? )
therefore

ré I ]
V= <772 f/ld) + PQ rl(7 (/7/ + 7 ih;l)) + A (’H)

where thus far V is any arbitrary function of u alone.

48. As yet no account has been taken of derivatives with regard to u ; but the
whole of the equations are subsidiary to the construction of an integral of the original
equation.

The part of the value of v given by V (u) can be dropped, as it has been considered
in the earlier stage, or it can be regarded as absorbed in the other part of the value,
all that is necessary for this purpose being that the function ¢ should have a different
form. ‘

Assuming this done, the function ¢ must be such as, first, to satisfy the equation

with the preceding notation. Now
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DIFFERENTIAL BQUATIONS OF THE SECOND ORDER. 79
v Py P A d }
duw "~ < i +aq dy ){ P b duw + (](Zg/du: + 2@) di T+ dy JE
also :
d d A RN
= <]) dr + ¢ 2&?> ((Zaw ‘;7; )
and, as
A=1-+ap + yq,
we have

(] dy(, [/J> =0:

. . Z {
that is, A behaves as a constant with regard to the operator p (%— +q (ily— The

required equation will therefore be satisfied if

, Lo ; w<l> rd¢» -
P du 4 (ZJ(Zu +2p + 2q -

W=

G
<daf3 + dy? > A

But it is necessary that the other thr'ee equations

1 dl 1 (_Q?_z_ _ 1 (ln_ — dz

g du £ de T e dw du?

should also be satisfied ; that they lead to no new condition for ¢ can be seen as
follows. We have

? ’ -’ﬁ) d*p | AP
< P gp + 29, ds: dy pzly9 {(EJ_.LJ + d:l/‘”’)A

— o 4o AN P P
=A <p » p}[dw ’ cZy) <(la,“ + (Zg/9>
‘? c,b B\ }

do? (l)(?f
RS
+2(I 1 d)’ (Z0r7J>+ <(Zl (7J+(ZJ>}

‘
£l
e

- 2p { (08 + EU))}
+

/"\\/\

T\ g2 dy iy

p ’ ¢ f7
= AZg (P'r = p7) <(Z),~ dy clj))
so that
g Y P B AN oo — pay [ Ly P
(; da? ’+ q(h (/J pd‘/){% <(Zaﬁ +(@9>A}—-A,(]+(pc]——pq)((]) ? dy (7J)

On account of the equation satisfied by ¢, this is equal to

/ d? f dep 7 A 4
( rlw~+ Zu’r (77/ =P c]_/ H:(z’/(lu_ + r7j>(/z/ + 2 / ‘*‘. 1 (}j)d’}’
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( “ + ¢ d;} ) & d?
P ) 2 iy P
7 de
)( . + ](71,(/1/”-'(]?/)4
74 7 " b
_<P;i; +q )( a2 f/u“’f dﬁﬂb

f B {
+(p(1~psz)(m‘fu+‘¢>,

which is equal to

S
T—"“')

du

(175

and therefore
o Z e
Ag = 90

(/LL
in virtue of the equation

P ‘75 ‘f’ (P PP
c/ulu+ ](/: dzo+ + ¢ > 2\ g2 +d9)A'
Similarly it can be verified that

dm _ f dz ’ dn o dz

B ]
du du du it

in virtue of this equation ; therefore it is the only condition to be imposed upon
¢ in order that all the equations may be satisfied.

49. Solutions of the equation « 4 b -+ ¢ = 0 have been given in §§ 81-38; it
is not difficult to verify that they are included in the preceding general form. Thus,
taking the solution

v=f(u)
and assuming that ¢ is, as in § 48, the function through which the term V (u) in v
is absorbed, it is first necessary to determine ¢ so that

5 @
P m+ Zm ~~~~~ S (,Jlf = 5./ ().

This equation is easily solved ; and we have
= i}-;f(u) + G (u, 9) -+ =l (v, ),

where G and H are arbitrary functmns, and v denotes p’w -+ q'y, as before,
We have

o* O & o*H , 0l
d)--—‘**‘f(l()—}"z < +$a‘;>+219(8;7—7

da?

P e Hy  ,oH
Juc/“/ ])1<a°+w8n>+( ’
B n [OG PHN .

dyt T 4 (-8779 T+ ?)W’J,) ’
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 81
so that
2o _ @) (PG T
¥ dm T dp T p 0 <d7,2+”an2 ’
w) o*
x= e q:( (Zy> ¢ = —%g—f;*+9 <89 Ty >+ (pg — M)an
d\? 7 () < 82H>
— LR NS A, 2
SO TN
Hence .
(Lo g= pplH
Z_<pdx +qcly>0— P o
S L T s CH
m=(p +qdy>x—— Peb 55
T W o FH
”——<2 da:+qdy>lp_—_p on?
But ¢ (or, what is the same thing in effect, G and H) must be such as to give
do_ e
duw = "M’
go that
_ S ),
n = A 3
consequently we have
dom o S
—p —q 1 A

which are the proper values of [, m, n, connected with v = f'(u).
Similarly for the quantities @, b, ¢, f; g, A
And if the value of H be required, it is determined by the equation
pggaH _J (?’) J () (u)

on? "= A 1+77

the integration of which is immediate.

Application to Vv + k% = 0.

50. The integrable combinations of the subsidiary system in the case of the
potential-equation seem fortuitously obtained. As one other illustration, added
chiefly to show that the subsidiary system can be used in the mode indicated in § 39
to express all the variable quantities in terms of a single quantity, we consider the
equation V® -+ «*» = 0, which is

a+b+c+ kv=0,

in the notation of the present paper.
VOL. CXCL—A. M
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We have
A=B=C=1, F=G=H=0,
X = k¥, Y = «%m, 2= ©n.

Thus the characteristic invariant equation is

PP +1=0,
from which we have, as before,
z=wu+ap (v) + yq (v),
so that p and ¢ are parametric for differentiations with regard to « and 3. The
three subsidiary equations are

da dy dh dy
2 R A PSR P,
wl + da P dz + dy q dy
dh ar b df
2 oYY
Km da da dy dy &
dyg de df de
2, | LAV —_ PG S e
T T P + dy qcly 2

and we have the equations of definition and derivation as before.

51. One simple mode of proceeding is to use the six equations involving derivatives
of I, m, m, with regard to @ and y—-they are equivalent to five independent equations
—in order to express «, b, £, g, h, in terms of ¢ and those derivatives. These being
obtained in the form

dl dn dn
e 9 —
= dz pdac + pe, 9= 0 po
dm dm dn
_ wmv i 9 f
b= dy q dy + g J dy ¢
dm dn dil dn
h= G, =g, pee= o= 0y, TP

we substitute them in the subsidiary equations. The third of the latter then
becomes

d? a2 d d
o 2\, LTI D
<dxg + dy? +x >7l, =2 <pdm o qcl;z/>c’

the second of them, on using the first of the two values for & and also the relation
between n and ¢ just deduced, gives

a@? a@?

L3 2 — ' fg 920 - : (fi_g 2 5
dx2+dy2+K =T g + ~pd:cly+1fly2 " ’

and the first of them, on using the second of the two values for 4 and also the
relation between n and ¢, gives

&? a?

d? a? ; d?
<L‘Z;2 + dy2+ K2>l=<pgw‘§+ QQ‘f—’* ~-pd7/9wplcz>n.
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DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 83

Let the various operators be denoted by &), 8,, 3, say

@ @ o d? 5 )
o = Par T 29 dx dy —P day® b
&? d? d?
= — g — e _— — LIS
% T + 2 da dy g dy? qr ’
d? ?
— @ )
O do? dy? + o« ]
moreover, let
d d
S=p— +gq

dy

be another operator. Then from the relations between m and n, I and n, it follows
that a function ® exists such that

[ =89, m = 8,8, n = ;0 ;
and then, as

v & @y )
dx _—Z’Jrnp—'2<p~(?;:5+qAxd,y)® |
dv ‘ d? @ ’

8

iy :m+ng:2(gy(&%dyv+q‘@>®J[
we have
a4

)@ = 200.

d
’I):Z(]()*ng—f-(]dy/

From the relation between n and ¢, we have

28¢ = &;n = §,%8,
or, if ® = dw, then
2¢ = S w.

We thus have, from the foregoing relations, the results

v= 286w
l = 88w
m = 83w >-

n = 80,w

— 152
¢ = 58w |

The values of a, b, £, g, h, can be obtained by using these values of I, m, n, ¢, and
we find

M 2
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— 182 O
a = 8w

_— 1
]7/ = -2‘818270

b= 157w .

g = $0,0,w
J = 4085w

All these forms correspond to the respective expressions obtained in § 47 for the
potential-equation.
52. Account must now be taken of derivatives with regard to u, and the equations
to be satisfied are
1 do 1 di 1 dm 1 dn dz

nodu g du f du e du  du’

Taking the first, we have
dz / ‘.
e = LT Ep Ay = A,
so that the equation is to be
d N
771 = nA = Add;w.
aw

Now, denoting

and so for 8/, 8,/—viz., 8, is the same as 8, except that p’ and ¢ replace p and ¢, and

so for 8,'—we have

dv d <
T = T (252%’)

= 28% dw -+ 488w ;
du
and therefore
| 28 70 4 438w = ASSyw.
Now
8a = pp' + qq9' =0,

so that
8 (Ad,w) == A8Sgw.

Hence the equation in w will be satisfied if
257 4 48w = ASw
dw W= A%

the condition that we may have
dv dz

—=n .
du da
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But now, operating on this equation with §,, we have

5, [ 3% 4 45 ] 5, (AS,w).
The left-hand side is
285, 97 - 458, = 255, 5 + 258, + 28,50 + 2 (88

= % {288, w} + 2 (88, — 8,/8) w
The first term is 2 — ; the second, on reduction, gives

, n 4
2(qr" —p7) g 3w

and therefore the left-hand side is

2—* 2 (qp’ mz)q) 30,

— 8,8 w

The right-hand side, viz., 8, (A8,w), becomes on expansion and reduction

- nod , d
8880 + 2 (p'g — pa) g 8w = 229 + 2 (p'g — pq') ;- Bgw.

Hence, in virtue of the above equation, we have

dl dz
lil: = gA =g Zﬂ:
Similarly we find
dn_ pdzodn 0z
duw ~ 7 dw dw = Caus

and therefore the equation determining w is

dw ’
0 du + 28w = FASw,

d?w dPw , dw ’?Zlf._nl
&@;+qd/dqc 2p %‘*‘29 dJ"“f(l“}' ap’ +y9)(

da?

dJ”+K >

When a solution of this equation is obtained, a solution of the equation for » can
be constructed, and conversely. In particular, the identification of any solution of
the w-equation, as being included in the general solution, can be made as in

former cases.
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86 ON DIFFERENTIAL EQUATIONS OF THE SECOND ORDER.
[NorE.—Added 17th March, 1898. As indicated in the introductory remarks,

the thecry given in this paper is applicable when the number of independent
variables is greater than two, and when the order of the differential equation is
higher than the first ; its application is not restricted to the case of an equation of
the second order in three independent variables.

A brief sketch of the theory for an equation of order m in n independent variables
is prefixed to a paper® which contains the integration of some differential equations
of types represented by

g 4 0 5 \u
<5971 + 3 + x, o, P, o, 59:”;> U =0,

when the iteration of the differential operator is purely symbolical. ]

# “On some Differential Equations in the Theory of Symmetrical Algebra,” Camb. Phil. Trans.,
vol. xvi. (1898), pp. 291-325.
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